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Preface

The following notes collect material from a series of lectures presented during a
course on “Statistical methods for data analysis” I gave for Ph.D. students in physics
at the University of Naples “Federico II” from 2009 to 2014. The aim of the course
was to elaborate on the main concepts and tools that allow to perform statistical
analysis of experimental data.

An introduction to probability theory and basic statistics is provided, which
serves as a refresher course for students who did not take a formal course on
statistics before starting their Ph.D.

Many of the statistical tools that have been covered have applications in high
energy physics (HEP), but their scope could well range outside the boundaries of
HEP.

A shorter version of the course was presented at CERN in November 2009
as lectures on statistical methods in LHC data analysis for the ATLAS and CMS
experiments. The chapter discussing upper limits was improved after lectures on the
subject I gave in Autrans, France, in May 2012 at the IN2P3 School of Statistics.
I was also invited to conduct a seminar on statistical methods in Gent University,
Belgium, in October 2014, which gave me an opportunity to review some of my
material and add new examples.

Napoli, Italy Luca Lista
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Chapter 1
Probability Theory

1.1 The Concept of Probability

Many processes in nature have uncertain outcomes. This means that their result
cannot be predicted before the process occurs. A random process is a process
that can be reproduced, to some extent, within some given boundary and initial
conditions, but whose outcome is uncertain. This situation may be due to insufficient
information about the process intrinsic dynamics which prevents to predict its
outcome, or lack of sufficient accuracy in reproducing the initial conditions in
order to ensure its exact reproducibility. Some processes like quantum mechanics
phenomena have intrinsic randomness. This will lead to possibly different outcomes
if the experiment is repeated several times, even if each time the initial conditions are
exactly reproduced, within the possibility of control of the experimenter. Probability
is a measurement of how favored one of the possible outcomes of such a random
process is compared with any of the other possible outcomes.

There are two main different approaches to the concept of probability which
result in two different meanings of probability. These are referred to as frequentist
and Bayesian probabilities.

» Frequentist probability is defined as the fraction of the number of occurrences
of an event of interest over the total number of possible events in a repeatable
experiment, in the /imit of very large number of experiments. This concept can
only be applied to processes that can be repeated over a reasonably long range
of time. It is meaningless to apply the frequentist concept of probability to an
unknown event, like the possible values of an unknown parameter. For instance,
the probability of a possible score in a sport game, or the probability that the mass
of an unknown particle is larger than 200 GeV, are meaningless in the frequentist
approach.

* Bayesian probability measures someone’s degree of belief that a statement
is true (this may also refer to future events). The quantitative definition of

© Springer International Publishing Switzerland 2016 1
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Bayesian probability makes use of an extension of the Bayes theorem, and
will be discussed in Sect.3.1. Bayesian probability can be applied wherever
the frequentist probability is meaningful, as well as on a wider variety of
cases in which one wants to determine a probability of unknown events or of
unknown quantities. For instance, after some direct and/or indirect experimental
measurements, the probability that an unknown particle’s mass is larger than
200 GeV could be meaningful in the Bayesian sense. Other examples of valid
Bayesian probabilities that have no corresponding meaning under the frequentist
approach are the outcome of a future elections, as well as statements about past
but unknown events, like about uncertain features of prehistoric extinct species,
and so on.

This chapter will start from classical probability theory, as formulated since
the eighteenth century, and will mainly discuss frequentist probability. Bayesian
probability will be the subject of Chap. 3.

1.2 Classical Probability

In 1814, Pierre-Simon Laplace wrote [1]:

The theory of chance consists in reducing all the events of the same kind to a certain number
of cases equally possible, that is to say, to such as we may be equally undecided about in
regard to their existence, and in determining the number of cases favorable to the event
whose probability is sought. The ratio of this number to that of all the cases possible is the
measure of this probability, which is thus simply a fraction whose numerator is the number
of favorable cases and whose denominator is the number of all the cases possible.

This formulation is the basis of the definition of classical probability. We
intend as random variable the outcome of a repeatable experiment whose result is
uncertain. An event' consists of the occurrence of a certain condition on the random
variable resulting from an experiment, e.g.: a coin toss gave a head or a dice roll gave
an even value. The probability of an event defined by the random variable having
one of a number of possible favorable cases can be written, according to Laplace, as:

Probabilit Number of favorable cases (.1
robability = . .
Y Number of possible cases

This approach can be used in practice only for relatively simple problems, since
it assumes that all possible cases under consideration are equally probable, which
may not always be the case in complex examples. Examples of cases where the
classical probability can be applied are coin tossing, where the two faces of a coin

'Note that in physics often event is intended as an elementary event. So, the use of the term event
in statistics may sometimes lead to confusion.
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Table 1.1 Possible

- . Sum | Favorable cases Probability

combinations of two dice roll

(center column) leading a 2 a1 1136

given sum (left column) and 3 (1,2), 2,1 1/18

the corresponding probability 4 (1,3),(2,2), (3, 1) 1/12

(right column) 5 (1,4), (2,3),(3,2), (4, 1) 1/9
6 (1,5), (2,4), (3,3), (4,2), (5, 1) 5/36
7 (1,6), (2,5), (3,4), (4,3), (5,2), (6,1) | 1/6
8 (2,6), (3,5), (4,4), (5,3),(6,2) 5/36
9 (3,6), (4,5), (5,4), (6,3) 1/9
10 4,6), (5,5), (6,4) 1/12
11 (5,6), (6,5) 1/18
12 (6,6) 1/36

are assumed to have equal probability, equal to ! /, each, or dice roll, where each of
the six dice faces’ has equal probability equal to ! /4, and so on.

Starting from simple cases, like coins or dices, more complex models can be
built using combinatorial analysis, in which, in the simplest cases, one may proceed
by enumeration of all the finite number of possible cases, and again the probability
of an event is given by counting the number of favorable cases and dividing it by
the total number of possible cases of the combinatorial problem. An easy case of
combinatorial analysis is given by the roll of two dices, taking the sum of the two
outcomes as final result. The possible number of outcomes is given by the 6x6 = 36
different combinations that may lead to a sum ranging from 2 to 12. The possible
combinations are enumerated in Table 1.1, and the corresponding probabilities,
computed as the number of favorable cases divided by 36, are shown in Fig. 1.1.

Several examples can be treated in this way, decomposing the problem in all the
possible elementary outcomes, and identifying an event as the occurrence of one of
the elementary outcomes from a specific set of possible outcomes. For instance, the
event “sum of dices = 4” will correspond to the set of possible outcomes {(1, 3),
(2,2), (3,1)}. Other events (e.g.: “sum is an odd number”, or “sum is greater
than 5”) may be associated to different sets of possible combinations. In general,
formulating the problem in terms of sets allows to replace logical “and”, “or” and
“not” in the sentence defining the outcome condition by the intersection, union and
complement of the corresponding sets of elementary outcomes.

It is possible to build more complex models, but as soon as the problem increases
in complexity, the difficulty to manage the combinatorial analysis often rapidly
grows up and may easily become hard to manage. In many realistic cases, like in
the case of a particle detector where effects like efficiency, resolution, etc. must be
taken into account, it may be hard to determine a number of equally probable cases,
and a different approach should be followed. It can also be shown that classical

20r even different from 6, like in many role-playing games that use dices of non-cubic solid shapes.
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Fig. 1.1 Probability of different outcomes of the sum of two dices

probability is easy to define only for discrete cases, and the generalization to the
continuum case is not unambiguously defined, as will be seen in Sect. 1.3.1.

1.3 Issues with the Generalization to the Continuum

The generalization of classical probability to continuous random variables requires
to extend the definition of probability introduced in the previous Sect.1.2. In
particular, the concept of equiprobability can’t be generalized to the continuum
case in an unambiguous way. Imagine we have a continuous variable x for which
we want to define an extension of the equiprobability concept we applied to the
six possible outcomes of a dice. We can think of partitioning the validity range of
x (say [x1,xz]) into intervals Iy, --- , Iy all having the same size, for an arbitrarily
large number N, i.e. each measuring (x, — x;)/N. We can say that the probability
distribution of the variable x is uniform if the probability that the value of x resulting
from a random extraction falls into any of the N intervals is the same, i.e. it is
equal to 1/N. This definition of uniform probability of x in the interval [x;,x;]
clearly changes under reparametrization, i.e. if we transform the variable x into
y = Y(x) (assuming for simplicity that Y is a monotonous increasing function of x),
and the interval [x, x;] into [y, y2] = [Y(x1), Y(x2)]. In this case, the transformed
intervals Jy,--- ,Jy = Y(I),---, Y(Iy) will not have all the same size, unless the
transformation Y is linear. So, if x has a uniform distribution, y = Y(x) in general
does not have a uniform distribution.
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Fig. 1.2 Illustration of Betrand’s paradox: three different choices of random extraction of a chord
in the circle lead apparently to probabilities that the cord is longer than the inscribed triangle’s side
of % (left), % (center) and }‘ (right) respectively

1.3.1 The Bertrand’s Paradox

The arbitrariness in the definition of uniform random extraction becomes evident
in a famous paradox, called the Bertrand’s paradox® that can be formulated as
follows:

* Consider an equilateral triangle inscribed in a circle. Extract uniformly one of
the possible chords of the circle. What is the probability that the length of the
extracted chord is larger than the side of the inscribed triangle?

The apparent paradox arises because the uniform extraction of a chord on a circle
is not a well-defined process. Below we give three possible example of random
extractions that give apparently different probabilities.

1. Let’s take the circle’s diameter passing by one of the vertices of the triangle
and let’s extract uniformly a point on this diameter. Then, let’s takes the chord
perpendicular to the diameter passing by the extracted point. Evidently from
Fig. 1.2 (left plot) one half of the extracted chords will have a length larger than
the triangle’s side, since the basis of the triangle cuts the vertical diameter at half
the radius size. Repeating the example for all possible diameters of the circle, that
we assume to extract uniformly with respect to the azimuthal angle, we can spans
in this way all possible chords of the circle. Hence, the probability in question
would be P = %

2. Let’s take, instead, one of the chords starting from one of the vertices of the
triangle (Fig. 1.2, center plot) extracting uniformly an angle with respect to the
tangent to the circle passing by that vertex. The chord is longer than the triangle’s
side when it intersects the basis of the triangle and shorter otherwise. This occurs
in one thirds of the cases, since the angles of the equilateral triangle measure

3This apparent paradox is due to the French mathematician Joseph Louis Francois Bertrand (1822~
1900).
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/3, and the chords span an angle of 7. Repeating for any possible point on the
circumference of the circle, one would derive that P = %, which is different from
P = % as we derived in the first case.

3. Let’s extract uniformly a point in the circle and let’s construct the chord passing
by that point perpendicular to the radius that passes by the same point (Fig. 1.2,
right plot). We can derive in this way that P = %, since the chords starting from
a point contained inside (outside) the circle inscribed in the triangle would have
a length longer (shorter) than the triangle’s side, and the ratio of the areas of the
circle inscribed in the triangle to the area of the circle that inscribes the triangle

is equal to %.

The paradox is clearly only apparent, because the process of uniform random
extraction of a chord in a circle is not univocally defined.

1.4 Axiomatic Probability Definition

An axiomatic definition of probability as a theory of measurement that is valid either
in the discrete and the continuous case is due to Kolmogorov [2]. Let’s consider a
measure space, (2, F C ZQ,P), where P is a function that maps elements of F, a
subset of the power set 2% of Q (i.e.: F contains subsets of ), to real numbers. In
literature 2 is called sample space and F is called event space. P is a probability
measure if the following properties are satisfied:

1. P(E) > 0,VE € F,
2. P(Q) =1,
3. V(Ei,-- . E,) € F": E;UE; = 0, P(UL_E)) = Y"_, P(E)).

This definition allows to generalize the classical probability to the case of continu-
ous variables, as we will see in the following sections. Bayesian probability, defined
in Chap. 3, also obeys Kolmogorov’s axioms.

1.5 Probability Distributions

Let’s assume that a random variable x has possible values (outcomes) xp,--- ,xy
which occur each with a probability P({x;)}) = P(x;), i = 1,---N. We define
probability distribution the function that associates to a possible value x; of the
random variable x its probability P(x;). The probability of an event E corresponding
to a set of distinct possible elementary outcomes {xg,, - - , xg, } is, according to the
third Kolmogorov’s axiom:

K
P(E) = ZP(xEj). (1.2)
j=1
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From the second Kolmogorov’s axiom, it is also clear that the probability of the
event 2 corresponding to the set of all possible outcomes, xj, - -+ , xy must be one.
Equivalently, the sum of the probabilities of all possible outcomes is equal to one:

ZP(xi) =1. (1.3)
i=1

This property of probability distributions is called normalization.

1.6 Conditional Probability and Independent Events

Given an event A and an event B, the conditional probability, P(A|B), is defined
as the probability of A given the condition that the event B has occurred, and is
given by:

P(A|B) = % (1.4)

The conditional probability can be visualized in Fig. 1.3. While the probability of A,
P(A), corresponds to the area of the set A, relative to the area of the whole sample
space €2, which is equal to one, the conditional probability, P(A|B), corresponds to
the area of the intersection of A and B, relative to the area of the set B.

An event A is said to be independent on event B if the conditional probability of
A, given B, is equal to the probability of A, i.e.: the occurrence of B does not change
the probability of A:

P(A|B) = P(A). (1.5)

Two events are independent if, and only if, the probability of their simultaneous
occurrence is equal to the product of their probabilities, i.e.:

P(“Aand B”) = P(A N B) = P(A)P(B). (1.6)

Fig. 1.3 If two events, A and
B, are represented as sets, the
conditional probability
P(A|B) is equal to the area of
the intersection, A N B,
divided by the area of B
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Given the symmetry of Eq.(1.6), if A is independent on B, then B is also
independent on A.

( Example 1.1 — Combination of Detector Efficiencies A
Consider an experimental apparatus made of two detectors A and B and a
particle that traverses both. If the two detectors give independent signals,
the probability €45 that a particle gives a signal in both detector is given by
the product of the probability ¢4 that the detector A gives a signal times the
probability ep that the detector B gives a signal:

EAB = EAEB . (17)

€4 and e are also called efficiencies of the detectors A and B respectively.

This result clearly does not hold if there are causes of simultaneous
inefficiency of both detectors, e.g.: fraction of times where the electronics
systems for both A and B are simultaneously switched off for short periods,
or geometrical overlap of inactive regions.

1.7 Law of Total Probability

Let’s consider a number of sets (events) {Ej,--- , E,}, subsets of another set E,
included in the sample space €2, such that the set of the E; is a partition of Ey, i.e.:
E; N E; = 0 forall i and j, and:

UEi =E,. (1.8)

This case is visualized in Fig. 1.4. It is easy to prove that the probability correspond-
ing to Ey is equal to the sum of the probabilities of E; (law of total probability):

P(Ey) =Y _P(E). (1.9)
i=1

Given a partition {Ay, - -+ , A,} of the sample space 2 of disjoint sets (4;NA; = 0
and ), P(A;) = 1), we can build the sets:

Ei=EyNA;, (1.10)



=]

1.8 Average, Variance and Covariance

Fig. 1.4 Visual example of
partition of an event set

Fig. 1.5 Visualization of the
law of total probability

as visualized in Fig. 1.5. This corresponds, from Eq. (1.4), to a probability:
P(E;) = P(Ey NAj) = P(Eo|A)P(A;) . (1.11)
In this case, we can rewrite Eq. (1.9) as:
P(Eg) = ) P(Eo|A)P(A;) . (1.12)
i=1

This decomposition, which can be interpreted as weighted average (see
Sect.5.11.1) of the probabilities P(A;) with weights w; = P(Eo|A;), will be later
used for Bayesian probability, discussed in Chap. 3.

1.8 Average, Variance and Covariance

In this section a number of useful quantities related to the probability distribution of
arandom variable are defined. Let’s consider a random variable x which can assume
the N possible values (outcomes) xj, « -+ , xXn.
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The average value or expected value of a random variable x with probability
distribution P is defined as:

N
(x) = xiP(x). (1.13)
i=1

Sometimes the notation E[x] or X is also used in literature to indicate the average
value.
The variance of a random variable x is defined as:

N

Vi =) (6 — (x)*P(x) . (1.14)

i=1

and the standard deviation is the square root of the variance:

N
e =V = | D (i (x)*P(x). (1.15)
i=1

Sometimes the standard deviation is confused, in some physics literature, with the
root mean square, abbreviated as r.m.s., which instead should be more properly
defined as:

(1.16)
The variance can also be written as:
Vix] = ((x = (x))?) . (1.17)
and it’s easy to demonstrate that it can be equivalently written as:
Vi = () — (0)* . (1.18)

It is also easy to demonstrate that, if we have two random variables x and y, the
averages can be added linearly, i.e.:

xty) =0+, (1.19)
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Given a constant a, we have:
(ax) = a (x) (1.20)
and
Viax] = a*V[x]. (1.21)
Given two variables x and y, their covariance is defined as:
| covix,y) = (xy) — (x) () . | (1.22)
and the correlation coefficient of x and y is defined as:
xy = % : (1.23)
It can be demonstrated that:
Vx +y] = V[x] + V[y] + 2 cov(x,y) . (1.24)
So, variances of uncorrelated variables can be added linearly.
Given n random variables, xi,--- , x,, the symmetric matrix C; = cov(x;,y;)

is called covariance matrix. The diagonal terms are always positive or null, and

correspond to the variances of the n variables.

Another quantity that is sometimes important is the skewness of a distribution

defined as:

where the quantity:

y = () =3 () () + 2 (x)°

(1.25)

(1.26)

is called unnormalized swekness. Symmetric distribution have skewness equal to

Zero.
The kurtosis, finally, is defined as:

(1.27)
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Usually the kurtosis coefficient, y, is defined as:

v2=p-3 (1.28)

in order to have y, = 0 for a normal distribution. y; is also defined as excess.

1.9 Variables Transformations

Given a random variable x, let’s consider the variable y transformed via the function
y = Y(x). If x can only assume the values {xj,--- , xy}, then y can only assume one
of the values {y1,--- ,yu} = {Y(x1),---,Y(yn)}. Note that N is equal to M only
if all the values Y (x;) are different from each other. The probability of any value y;
is given by the sum of the probabilities of all values x; that are transformed into y;
by Y:

PO = > Px). (1.29)

i:Y(x,-)=y,-

Note that there could also be a single possible value of the index i for which Y (x;) =
yi. In this case, we will have just P(y;) = P(x;).

The generalization to more variables is straightforward: assume that we have
two random variables x and y, and we have a variable z defined as z = Z(x, y); if
{z1,-- , zu} is the set of all possible values of z, given all the possible values x; and
¥j, the probability of each possible value of z, z;, will be given by:

P)= Y. Pl (1.30)

ij:Z(xi.yj) =2k

This expression is consistent with the example of the sum of two dices considered
in Sect. 1.2:

( Example 1.2 — Application to Sum of Dice Rolls )

Let’s compute the probabilities that the sum of two dice rolls is even or odd.
We can consider all cases in Table 1.1, and add the probabilities for all even
and odd values. Even values and their probabilities are: 2 : 1/ 16, 4 1 /12,
6 /36,8 /36, 10 :'/12, 12 :1/36. So, the probability of an even result is:
(14+34+5+54+34+1)/36 ='%/35 ='/,. This is consistent with the fact
that each dice has probability !/, of an even or odd result, and an even result as
the sum of two dices can occur either as sum of two even results or as sum of
two odd results, each case with probability '/, x!/, =!/4. So, the probability
of either of the two cases is |/4 +!/4 =!/,.
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1.10 The Bernoulli Process

Let’s consider a basket that contains a number n of balls that have two possible
colors, say red and white. We know the number 7 of red balls in the basket, hence
the number of white balls is n — r. The probability to randomly extract a red ball in
that set of n balls is p = r/n, according to Eq. (1.1) (Fig. 1.6).

A variable x equal to the number of extracted red balls is called Bernoulli
variable, and can assume only the values of 0 or 1. The probability distribution
of x is just given by P(1) = p, P(0) = 1 — p. The average of a Bernoulli variable is
easy to compute:

(x) =P0O)x0+P(1)x1=P1)=p. (1.31)
Similarly, the average of x? is:
(x*) = P(0) x 0> + P(1) x 1> = P(1) = p, (1.32)
hence the variance of x, using Eq. (1.18), is:

V] = ()= (x)> = p(1 —p). (1.33)

Fig. 1.6 A set of n = 10 balls, of which r = 3 are red determines a Bernoulli process. The
probability to randomly extract a red ball in the set shown in this figure isp = r/n = 3/10 = 30 %
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1.11 The Binomial Process

A binomial process consists of performing a given number N of independent
Bernoulli extractions all having the same probability p. This could be implemented
for instance by randomly extracting a (red or white) ball in a set of balls from a
basket containing a fraction p of red balls; after each extraction, the extracted ball is
placed again in the basket and the extraction is repeated N times. Figure 1.7 shows
the possible outcomes of a binomial process as subsequent random extractions of a
single ball.

The number n of red balls (positive outcomes) over the total N extraction is
called binomial variable. Its probability distribution can be simply determined by
looking at Fig. 1.7, considering how many red and white extraction have occurred
in each extraction, assigning each extraction a probability p or 1 — p respectively,
and considering the number of possible paths leading to a given combination of
red/white extractions.

The latter term takes the name of binomial coefficient and can be demonstrated
by recursion to be equal to*:

Yo 1.34
(N)_N!(N—n)!' (1.34)

The probability distribution of the binomial variable n for a given N and p can be
obtained considering that the n extractions are independent, hence the corresponding
probability terms (p for a red extraction, 1 — p for a white extraction) can be
multiplied, according to Eq. (1.6). Multiplying finally this product by the binomial
coefficient from Eq. (1.34) to take into account the possible extraction paths leading

4The coefficients present in the binomial distribution are the same that appear in the expansion
of the binomial power (a¢ + b)". A simple iterative way to compute those coefficients is known
in literature as the Pascal’s triangle. Different countries quote this triangle according to different
authors, e.g.: the Tartaglia’s triangle in Italy, Yang Hui’s triangle in China, etc. In particular, the
following publications of the triangle are present in literature:

* India: published in the tenth century, referring to the work of Pingala, dating back to fifth—
second century BC.

* Persia: Al-Karaju (953-1029) and Omar Jayydm (1048-1131), often referred to as Kayydm
triangle in modern Iran

» China: Yang Hui (1238-1298), referred to as Yang Hui’s triangle by Chinese; see Fig. 1.8

¢ Germany: Petrus Apianus (1495-1552)

» Italy: Nicold Fontana Tartaglia (1545), referred to as Tartaglia’s triangle in Italy

* France: Blaise Pascal (1655), refereed to as Pascal’s triangle.
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Fig. 1.7 Building a binomial process as subsequent random extractions of a single red or white
ball (Bernoulli process). The “tree” in figure displays all the possible combinations at each
extraction step. Each of the “branching” has a corresponding probability equal to p or 1 — p for
red and white ball respectively. The number of paths corresponding to each possible combination
is shown in parentheses, and is equal to a binomial coefficient

to the same outcome, the probability to obtain n red and N — n white extractions can
be written as:

!
P(n:N) = mﬂ(l _ N, (1.35)

The Binomial distribution is shown in Fig. 1.9 for N = 15 and for p = 0.2, 0.5 and
0.8.

Since the binomial variable n is the sum of N independent Bernoulli variables
with probability p, the average and variance of n can be computed as N times the
average and variance of a Bernoulli variable (Egs. (1.31) and (1.33)):

(n) = Np, (1.36)
Vin] = Np(1 —p). (1.37)

Those formulae can also be obtained directly from Eq. (1.35).

1.11.1 Binomial Distribution and Efficiency Estimate

The efficiency € of a device is defined as the probability that the device gives a
positive signal upon the occurrence of a process of interest. Particle detectors are
examples of such devices. The distribution of the number of positive signals n upon
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Fig. 1.8 The Yang Hui triangle published in 1303 by Zhu Shijie (1260-1320)

the occurrence of N processes of interest is given by a binomial distribution with
probability p = &. Given a measurement 7 (i.e.: the result of a real experiment,
or a particular random extraction of n), a typical problem is the estimate of the
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Fig. 1.9 Binomial distribution for N = 15 and for p = 0.2, 0.5 and 0.8

efficiency ¢ of the device. The problem of parameter estimates will be discussed
more in general in Chaps. 3 and 5 for what concerns the Bayesian and frequentist
approaches, respectively.

For the moment, a pragmatic way to estimate the efficiency can be considered by
performing a large number N of sampling of our process of interest, and by counting
the number of times 7 the device gives a positive signal (i.e.: it has been efficient).
This leads to the estimate of the true efficiency € given by:

2o (1.38)
&= —. .

N
One may argue that if N is sufficiently large, £ will be very close to true efficiency e.
This will be more formally discussed as a consequence of the law of large numbers,

which will be introduced in Sect. 1.12. The variance of n, V[n], from Eq. (1.37), is:

o, = Var[]%]z ‘9(1N_8). (1.39)

By simply replacing ¢ with £ one would have the following approximated expression
for the standard deviation (interpreted as error or uncertainty) of &:

NOED
Se =4/ - (1.40)
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The above formula is just an approximation, and in particular it leads to an error
8¢ = 0 in the cases where £ = 0 or € = 1, i.e. whenn = 0 or i = N respectively.

Chapter 5 will introduce more rigorous definitions of error estimates and will
discuss how to evaluate errors on a proper statistical basis. Later on, in Sect. 6.2, we
will see how to overcome the problems arising with Eq. (1.40).

1.12 The Law of Large Numbers

When an experiment that produces a random outcome x is repeated N times, the
average of the outcomes, x = (x; + --- + xy)/N, is a random variable whose
probability distribution has a much smaller fluctuation than each of the original
single experiment outcome, x;. This can be demonstrated, using classical probability
and combinatorial analysis, in the simplest cases, and one can show that most of
the possible outcomes of x have very small probabilities, except the ones very
close to the expected average (x) (Eq.(1.13)). This is already partially evident in
Fig. 1.1, where the distribution of the sum of two dice rolls is peaked around 7
(= 2x35 = 2x (x)) even for N = 2. This convergence of the probability
distribution of X to the single value (x), for N — oo, is called law of large numbers,
and can be illustrated in a simulated experiment consisting of repeatedly rolling a
dice, whose result ranges from 1 to 6 as usual, and plotting the average x obtained
after the first N extractions, as a function of N. This is shown in Fig. 1.10, where the

Average
w
(3]

HH‘HH‘HH‘HH‘HH

1\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\
100 200 300 400 500 600 700 800 900 1000

Number of dice rolls

o

Fig. 1.10 An illustration of the law of large numbers using a simulation of die rolls. The average
of the first N out of 1000 random extraction is reported as a function of N. The 1000 extractions
have been repeated twice (red and blue lines)
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plot of x as a function of N “converges” to:

14243444546

) :

35. (1.41)

Increasing the number of trials, the probability distribution of the possible average
values acquires a narrower shape, and the interval of the values that correspond
to a large fraction of the total probability (we could chose—say—90 or 95 %) gets
smaller and smaller as the number of trials N increases. If we would ideally increase
to infinity the total number of trials N, the average value x would no longer be a
random variable, but would take a single possible value equal to (x) = 3.5.

The law of large numbers has many empirical verifications for the vast majority
of random experiments. This broad generality of the law of large numbers even in
realistic and more complex cases than the simple ones that can be described by
simplified classical models gives raise to the frequentist definition of the probability
P(E) of an event E according to the following limit:

. . N(E)
P(E) =p if VSNILH;OPOT_I)

< s) . (1.42)

The limit is intended, in this case, as convergence in probability, that means that, by
the law of large numbers, the limit only rigorously holds in the non-realizable case of
an infinite number of experiments. Rigorously speaking, the definition of frequentist
probability in Eq.(1.42) is defined itself in terms of another probability, which
could introduce some conceptual problems. F. James et al. report the following
sentence [3]: “this definition is not very appealing to a mathematician, since it
is based on experimentation, and, in fact, implies unrealizable experiments (N —
00)”.

In practice, anyway, we know that experiments are reproducible on a finite range
of time (on this planet, for instance, until the sun and the solar system will continue
to exist), so, for the practical purposes of physics application, we can consider
the law of large numbers and the frequentist definition of probability, beyond their
exact mathematical meaning, as pragmatic definitions that describe to a very good
approximation level the concrete situations of the vast majority of the cases we are
interested in experimental physics.

References

1. P. Laplace, Essai Philosophique Sur les Probabilités, 3rd edn. (Courcier Imprimeur, Paris, 1816)

2. A. Kolmogorov, Foundations of the Theory of Probability. (Chelsea Publishing, New York,
1956)

3. W. Eadie, D. Drijard, F. James, M. Roos, B. Saudolet, Statistical Methods in Experimental
Physics. (North Holland, Amsterdam, 1971)



Chapter 2
Probability Distribution Functions

The problem introduced with Bertrand’s paradox, seen in Sect. 1.3.1, occurs because
the decomposition of the range of possible values of a random variable x into
equally probable elementary cases is not possible without ambiguity. The ambiguity
arises because of the continuum nature of the problem. We considered in Sect. 1.3
a continuum random variable x whose outcome may take any possible value in
a continuum interval [xi,x;], and we saw that if x is uniformly distributed in
[x1,x2], a transformed variable y = Y(x) is not in general uniformly distributed
in [y1,y2] = [Y(x1),Y(x2)] (Y is taken as a monotonic function of x). This makes
the choice of a continuum variable on which to find equally probable intervals of
the same size an arbitrary choice.

2.1 Definition of Probability Distribution Function

The concept of probability distribution seen in Sect. 1.5 can be generalized to the
continuum case introducing the probability distribution function defined as follows.
Let’s consider a sample space, {x = (x1,---,x,) € < R"}. Each random
extraction (an experiment, in the cases of interest to a physicist) will lead to an
outcome (measurement) of one point X in the sample space 2. We can associate to
any point X a probability density f(x) = f(x1,--- ,x,) which is a real value greater
or equal to zero. The probability of an event A, where A C , i.e.: the probability
that X € A, is given by:

P(A) = /Af(xl,~~~ X)) d"x. 2.1

The function f is called probability distribution function (PDF). The function f(X)
can be interpreted as differential probability, i.e.: the probability corresponding to an
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infinitesimal hypercube dx; - - - dx,, divided by the infinitesimal hypercube volume:

d'pP

m:f(xls"'vxn)- (2.2)

The normalization condition for discrete probability distributions (Eq. (1.3)) can be
generalized to continuous probability distribution functions as follows:

/f(xl,---,xn)d”le. (2.3)
Q
In one dimension, one can write:
+o00
f(x)dx=1. 2.4)
—00

Note that the probability of each single point is rigorously zero if f is a real function,
ie.: P({xo}) = O for any x,, since the set {xo} has null measure. The treatment
of discrete variables in one dimension can be done using the same formalism of
PDFs, extending the definition of PDF to Dirac’s delta functions (8(x — xp), with
f —+on 8(x—xp) dx = 1). Dirac’s delta functions can be linearly combined with proper
weights equal to the probabilities of the discrete values: the PDF corresponding to

the case of a discrete random variable x that can take only the values x1, - - - , xy with
probabilities Py, - - - , Py respectively can be written as:
N
f@) =) Pid(x—x). (2.5)
i=1
The normalization condition in this case can be written as:
+00 N +00 N
f(x)dx:ZPi/ Sx—x)dr=>) Pi=1, (2.6)
e i=1 e i=1

which gives again Eq.(1.3). Discrete and continuous values can be combined
introducing linear combinations of continuous PDFs and Dirac’s delta functions.

2.2 Average and Variance in the Continuous Case

The definitions of average and variance introduced in Sect. 1.8 are generalized for
continuous variables as follows:

() = / () da, @.7)
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Vid = [ W ar = () - 0° )

Integrals should be extended over [—oo, +00], or the whole validity range of the
variable x. The standard deviation is defined as:

o = V. 2.9)

Other interesting parameters of a continuous PDF are the median, which is the
value m such that:

1
Px<m)=Px>m)= 3 (2.10)
or equivalently:

m +o00
/_ f(x)dx:/ f(x)dx:%, (2.11)

and the mode, which is the value M that corresponds to the maximum of the
probability density:

f(M) = maxf(x). (2.12)

2.3 Cumulative Distribution

Given a PDF f(x), its cumulative distribution is defined as:

F(x) = /_ () dx. (2.13)

The cumulative distribution, F(x), is a monotonous increasing function of x, and
from the normalization of f(x) (Eq. (2.4)), its value ranges from O to 1. In particular:

lim F(x) =0, (2.14)
X—>—00

lim F(x)=1. (2.15)
x—>400

If the variable x follows the PDF f(x), the PDF of the transformed variable y =
F(x) is uniform between 0 and 1, as can be demonstrated in the following:

dP _ dPdx de [ _

o " way YVEG T

(2.16)
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This property will be very useful to generate with computers pseudorandom
numbers with the desired PDF, as we will see in Chap. 4.

2.4 Continuous Variables Transformation

The transformation of probability distributions upon transformation of variables,
presented in Sect. 1.9, can be generalized in the continuous case. If we have a
variable transformation y = Y(x), the PDF of the transformed variable y can be
generalized from Eq. (1.29) as:

@) = / 8y — Y(0)f (@) d. 2.17)

Similarly, if we have a variable transformation z = Z(x,y), the PDF of the
transformed variable z can be generalized from Eq. (1.30) as:

@) = / 8(z — Z(x.y))f (r.y) drdy. 2.18)

In the case of transformations into more than one variable, the generalization is
straightforward. If we have for instance: x¥' = X’(x,y),y = Y’(x, y), the transformed
two-dimensional PDF can be written as:

FWay) = / B¢ — X (x.3))80" — ¥'(x.y))f (x.y) dxdy (2.19)

If the transformation is invertible, the PDF transforms according to the determinant
of the Jacobean of the transformation. This factor appears in fact in the transforma-
tion of the n-dimensional volume element d"x = dx; - - - dx,;:

P d'P

dnx — dny

ox;}

. (2.20)

2.5 Uniform Distribution

A variable x is uniformly distributed in the interval [a, b[ if the PDF is constant in
the range x € [a, b[. This condition is identical to the condition that was discussed
in Sect. 1.3.1. Using the normalization condition, a uniform PDF can be written as:

1

ulx) =4 b—a .
0 ifx<aorx>»b

ifa<x<b 2.21)
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Fig. 2.1 Uniform distributions with different extreme values

Examples of uniform distributions are shown in Fig. 2.1 for different extreme values
aand b.
The average of a variable x which is uniformly distributed is:

b
() =2 b , (2.22)
2
and the standard deviation of x is:
b—a
o= . (2.23)
V12

Example 2.3 — Strip Detectors

A detector instrumented with strips of a given pitch [ receives particles uni-
formly distributed along each strip. The standard deviation of the distribution
of the position of the particles’ impact point on the strip along the direction
transverse to the strips is given by //+/12, according to Eq. (2.23).
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2.6 Gaussian Distribution

A variable x follows a Gaussian or normal distribution if it obeys the following PDF,
with ¢ and o being fixed parameters:

exp (—M) . (2.24)

202

1
gxip,0) = o=

The average value and standard deviation of the variable x are « and o respectively.
Examples of Gaussian distributions are shown in Fig. 2.2 for different values of u
and o. A random variable obeying a normal distribution is called normal random
variable.

If x = 0and 0 = 1, a normal variable is called standard normal following the
standard normal distribution ¢ (x):

1 2
= 7 2.25
P (x) N (2.25)
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Fig. 2.2 Gaussian distributions with different values of average and standard deviation parameters
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and its cumulative distribution is:

L [" % ar = e (2
d)(x):E/_ooe dx_z[erf(ﬁ)+1] (2.26)

The probability for a Gaussian distribution corresponding to the interval [u —
Zo, i + Zo), which is symmetric around p, is frequently used in many application.
It can be computed as:

P(Zo) = % dx = B(Z) — B(-Z) = erf (i) . (2.27)

1 VA
y—t e
27 /—z V2
The most frequently used values are the ones corresponding to 1o, 20 and 30, and
correspond to probabilities of 68.72, 95.45 and 99.73 % respectively.

The importance of the Gaussian distribution is due to the central limit theorem
(see Sect. 2.11), which allows to approximate to Gaussian distributions may realistic
cases resulting from the superposition of more random effects each having a finite
and possibly unknown PDF.

2.7 Log-Normal Distribution

If a random variable y is distributed is distributed according to a normal PDF with
average u and standard deviation o, the variable x = ¢” is distributed according to
the following PDF, called log-normal distribution:

] _ 1 (Inx — p)?
fp,o0) = . >~ exp (_T) . (2.28)

The PDF in Eq.(2.28) can be derived from Eq.(2.17) from Sect.2.4 in the case
of a normal PDF. A log-normal variable has the following average and standard
deviation:

(x) = et (2.29)

0, = M2 e0? 1, (2.30)

Note that Eq. (2.29) implies that (¢*) > Y for a normal random variable y. In fact,

. 2
since ¢” /2 > 1:

(&) = {x) = el > ot = b
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Fig. 2.3 Lognormal distributions with different parameters x and o

Examples of lognormal distributions are shown in Fig. 2.3 for different values of
pnando.

2.8 Exponential Distribution

An exponential distribution of a variable x > 0 is characterized by a PDF
proportional to e~**, where A is a constant. Considering the normalization condition
from Eq. (2.4), the complete expression of an exponential PDF is given by:

f(x) = re ™. (2.31)

Examples of exponential distributions are shown in Fig. 2.4 for different values of
the parameter A.
Exponential distributions are widely used in physics.
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Fig. 2.4 Exponential distributions with different values of the parameter A
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Fig. 2.5 An horizontal axis representing occurrence times (dots) of some events. The time origin
(to = 0) is marked as a cross

( Example 2.4 — Relation Between Uniform and Exponential Distributions )
One interesting problem where an exponential distribution occurs is the
distribution of the occurrence time of the first in a sequence of events, or also
the time difference between two consecutive events, whose occurrence time is
uniformly distributed over a indefinitely wide time range. An example of such

a case is sketched in Fig.2.5. The distribution of the occurrences time f; of
the first events with respect to a reference time o = 0' can be determined as
follows.

I'This instant could also coincide with the occurrence of one of the considered events in order
to apply the same derivation the time difference of two consecutive events.
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Let’s consider a time ¢ and another time ¢ 4 §¢, where ¢ < t. We will compute
first the probability P(¢; > ¢+ 4¢) that ¢, is greater than 7+ §¢, which is equal to
the probability P(0, [0, t+6¢]) that no event occurs in the time interval [0, 4-61].
The probability P(0, [0, t 4+ §1]) is equal to the probability that no event occurs
in the interval [0, 7] and no event occurs in the interval [z, ¢t 4 §1]. Since the
occurrences of events in two disjoint time intervals are independent events,
the combined probability is the product of the two probabilities P(0, [0, ¢]) and
P(O, [t,t + 61]):

P(0,[0,¢+ &t]) = P(0,]0,])P(O, [z, 1 + &1]) . (2.32)
Given the rate r of event occurrences, i.e. the expected number of events per
unit of time, the probability to have one occurrence in a time interval §¢ is
given by:

P(1,[t, t + o8t]) = rét, (2.33)
and the probability to have more than one occurrence can be can be neglected
with respect to P(1[t, t + 8t]) = r8t at O(¢%). So, the probability to have zero
events in &z is equal to:

P, [t,t +6t])) ~ 1 —P(1,[t,t + 81]) = 1 —rér, (2.34)
and we can write:
P(0,[0,t 4 81]) = P(0,[0,1])(1 — rér), (2.35)
or, equivalently:
P(t; > t+ 6t) = P(ty > 1)(1 —rér). (2.36)
From Eq. (2.36), we can also write:

P(t; >+ 82 —P(ty > 1) — —rP(t; > 7). (2.37)

In the limit 8¢ — 0, this leads to the following differential equation:

W — Pt > 1) (2.38)
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Considering the initial condition P(z; > 0) = 1, Eq.(2.38) has the following
solution:

Pty >t)=e". (2.39)

The probability distribution function of the occurrence of the first event can be
written as:

Pit<t <t+48r) dP(t <1)

P(r) = 5 m (2.40)
where:
Pti<t)=1-Pty>t)=1—¢e"". (2.41)
Performing the first derivative with respect to t we have:
P() = d(P(t:lt< 1)) _ d(l1 :1:_”) ’ (2.42)
hence:
P(t) =re . (2.43)

The exponential distribution is characteristic of particles lifetimes. The
possibility to measure an exponential distribution with the same (logarithmic)
slope A independently on the initial time #, allows to measure particle lifetimes
without the need to measure the particle’s creation time, as it is the case with
cosmic-ray muons whose lifetime can be measured at sea level, while the muon
has been created in the high atmosphere.

2.9 Poisson Distribution

A discrete variable n is said to be a Poissonian variable if it obeys the Poisson
distribution defined below for a given value of the parameter v:

n

pe™V

P(n;v) = (2.44)

n!
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Fig. 2.7 A uniform distribution of events in a variable x. Two intervals are shown of sizes x and
X, where x K X

Examples of Poisson distributions are shown in Fig. 2.6 for different values of the
rate parameter v. It’s easy to show that the average and variance of a Poisson
distribution are both equal to v.

e N
Example 2.5 — Relation Between Uniform, Binomial and Poisson Distri-

butions

In the previous Example 2.4, a uniform distribution of a variable ¢ over an
indefinitely wide range gave raise to an exponential distribution of the first
occurrence time ¢; with respect to a given reference time t.

We will now consider again a uniformly distribution of a variable, this time
we will call it x, over an indefinitely wide range (x could be either a time or
space variable, in many concrete examples) whose rate r is known in order to
determine the distribution of the number of events present in a finite interval
of x. The rate r can be written as N/X, where N is the number of events that
occur in an interval X that is much larger than the range of the variable x we
are considering (Fig.2.7). We will eventually take the limit N — 0o, X — oo,
keeping constant the ratio N/X = r.
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We can consider N and X as constants, i.e. quantities not subject to random
fluctuation (consider, for instance, the total number of cosmic rays in a year
time, in the case you want to measure the number of cosmic rays passing in a
second). If N is fixed and »n is the number of events that occur in an interval
x K X, we expect a number of events:

Nx
= = — rx. 2.45
v e X ( )

The variable n is subject to the binomial distribution (see Sect. 1.11):

P(n; v, N) = H‘(NLLW (IKV) (1 _ %)N_" , (2.46)

that can also be written as:

PNy = S EZ D W D By

1— =
n! N N

(2.47)
In the limit of N — o0, the first term, ‘r’l—?, remains unchanged, while the
remaining three terms tend to 1, ¢™¥ and 1 respectively. We can write the
distribution of » in this limit, which is equal to the Poisson distribution:

v'e

n!

-V

P(n;v) = (2.48)

Poisson distributions have several interesting properties, some of which are listed

in the following.

For large v, the Poisson distribution can be approximated with a Gaussian having
average v and standard deviation /v.

A Binomial distribution characterized by a number of extractions N and probabil-
ity p < 1 can be approximated with a Poisson distribution with average v = pN
(this was seen in the Example 2.5 above).

If we consider two variables n; and n, that follow Poisson distributions with
averages v; and v, respectively, it is easy to demonstrate, using Eq. (1.30) and a
bit of mathematics, that the sum n = n; + n, follows again a Poisson distribution
with average v + v;. In other words:

n n—ny

P(n;vy,vp) = Z Z Poiss(ny; vi) Poiss(nz; v2) = Poiss(n; vy + v3)
n1=0n,=0

(2.49)
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This property descends from the fact that adding two uniform processes similar
to what was considered in the example above, leads again to a uniform process,
where the total rate is the sum of the two rates.

* Similarly, if we take a random fraction ¢ of the initial uniform sample, again
we have a uniform sample that obeys the Poisson distribution. It can be
demonstrated, in fact, that if we have a Poisson variable n( with an expected rate
Vo and we consider the variable n distributed according to a binomial distribution
with probability ¢ and size of the sample ng, the variable n is again distributed
according to a Poisson distribution with average v = ¢vy. In other words:

o0
P(n; vy, e) = Z Poiss(no; vo) Binom(n; ng, €) = Poiss(n; evy) (2.50)

nop=0

This is the case in which, for instance, we count the number of events from a
Poissonian process recorded by a detector whose efficiency ¢ is notideal (¢ < 1).

2.10 Other Distributions Useful in Physics

Other PDF that are used in literature are presented in the following subsections.
Though the list is not exhaustive, it covers the most commonly used PDF models.

2.10.1 Argus Function

The Argus collaboration introduced [1] a function that models many cases of
combinatorial backgrounds where kinematical bounds produce a sharp edge. The
Argus PDF is given by:

A 0:8) = N1 = (5) e LT @51)

where N is a normalization coefficient which depends on the parameters 6 and £.
Examples of Argus distributions are shown in Fig. 2.8 for different values of the
parameters 6 and &. One advantage of this function is that its primitive function
can be computed analytically, saving some computer time in the evaluation of the
normalization coefficient N in Eq.(2.51). Assuming £ > 0, the normalization
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Fig. 2.8 Argus distributions with different parameter values

condition for the Argus PDF can be written as follows:

1
]—V/A(x; 6.£) dx

92 1oy (1 x)2 2 1 2
=?{e 26 [1 (1 9)],/1—%— lzlgzerf E}?(l—%)} , (2.52)

and the normalized expression of the Argus function becomes:

g X x\2 —1e1-(5)°
A(x,@,é)—m—\p(g)m 1—(5) A ONN (2.53)

where W(§) = P(§) — &¢(§) — %, ¢ (&) being a standard normal distribution
(Eq.(2.25)) and ®(§) its cumulative distribution (Eq. (2.26)).

2.10.2 Crystal Ball Function

Some random variables only approximately follow a Gaussian distribution, but
exhibit an asymmetric tail on one of the two sides. In order to provide a description
to such distributions, the collaboration working on the Crystal ball experiment at
SLAC defined the following PDF [2] where a power-law distribution is used in
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place of one of the two Gaussian tail, ensuring the continuity of the function and its
first derivative. The Crystal ball PDF is defined as:

=1

=

__(X—)_‘)Z) for =%
CB(v;a,n,%,0) = N - eXP( 27 ) g : (2.54)
A (B — %) for =

o

=1
IA
|
R

where N is a normalization coefficient while A and B can be determined imposing
the continuity of the function and its first derivative, which give:

n uz
A= (l) % B=-"_lal. (2.55)
|o| |o|

The parameter o determines the starting point of the power-law tail, measured in
units of o (the Gaussian “core” standard deviation).

Examples of Crystal ball distributions are shown in Fig. 2.9 where the parameter
a has been varied, while the parameters of the Gaussian core have been fixed at
@ = 0,0 = 1 and the power-law exponent was fixed at n = 2.
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Fig. 2.9 Crystal ball distributions with 4 = 0, 0 = 1, n = 2 and different values of the tail
parameter o
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2.10.3 Landau Distribution

A model that describes the fluctuations in energy loss of particles in a thin layers of
matter is due to Landau [3, 4]. The distribution of the energy loss x is given by the
following integral expression:

1 o
L(x) = —/ e8I gin(rer) dt (2.56)
T Jo

More frequently, the distribution is shifted by a constant p and scaled by a constant
o, assuming the following expression:

L p,0) =L (ﬂ) . (2.57)
o
Examples of Landau distributions are shown in Fig.2.10 for different values of

o fixing u = 0. This distribution is also used as empiric model for asymmetric
distributions.
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Fig. 2.10 Landau distributions with u = 0, and different values of o
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2.11 Central Limit Theorem

Given N independent random variables, xj, - - - , xy, each distributed according to a
PDF having finite variance, the average of those N variables can be approximated, in
the limit of N — o0, to a Gaussian distribution, regardless of the underlying PDFs.

The demonstration of this theorem is not reported here, but quantitative approx-
imate demonstrations of the central limit theorem for specific cases are easy to
perform using numerical simulations (Monte Carlo techniques, see Chap. 4).

Two examples of such numerical exercises are shown in Figs.2.11 and 2.12
where multiple random extractions from two different PDFs are summed and
divided by the square root of the number of generated variables, so that this
combination has the same variance of the original distribution. The distributions
obtained with a large randomly-extracted sample are plotted, superimposed to a
Gaussian distribution.
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Fig. 2.11 Approximate visual demonstration of the central limit theorem using a Monte Carlo
technique. A random variable x; is generated uniformly in the interval [—«/5 V3 [, in order to
have average value & = 0 and standard deviation 0 = 1. The top-left plot shows the distribution
of 10° random extractions of x;; the other plots show 10° random extractions of (x; + x;)/ ﬁ,
(X1 +x2 +2x3)/ \/5 and (x; +x +x3 +x4)/ ﬂ respectively, where all x; obey the same uniform
distribution as x;. A Gaussian curve with £ = 0 and o = 1, with proper normalization in order
to match the sample size, is superimposed to the extracted sample in the four cases. The Gaussian
approximation is more and more stringent as a larger number of variables is added
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Fig. 2.12 Same as Fig.2.11, using a PDF that is uniformly distributed in two disjoint intervals,
[—%, —%[ and [%, %[, in order to have average value & = 0 and standard deviation 0 = 1. The
sum of 1, 2, 3, 4, 6 and 10 independent random extractions of such a variable, divided by ﬁ
n=1,2,3,4,06, 10 respectively, are shown with a Gaussian distribution having 4 = and 0 = 1

superimposed
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2.12 Convolution of Probability Distribution Functions

A typical problem in data analysis is to combine the effect of the detector response,
e.g.: due to finite resolution, with the theoretical distribution of some observable
quantity x. If the original theoretical distribution is given by f(x) and, for a measured
value x" of the observable x, the detector response distribution is given by r(x; x’), the
PDF that describes the distribution of the measured value of x, taking into account
both the original theoretical distribution and the detector response, is give by the
convolution of the two pdf f and r, defined as:

gx) = / FO)r(ex)dx’. (2.58)

in many cases r only depends on the difference x — x/, and can be described by a
one-dimensional pdf: r(x; x') = r(x —x’). Sometimes the notation g = f ® r is also
used in those cases.

Convolutions have interesting properties under Fourier transform. In particular,
let’s define as usual the Fourier transform of f as:

fk) = fx)e ™ dx, (2.59)
(o 9)
and conversely the inverse transform as:

+o0
flx) = 1 / Fk)e™ dk . (2.60)
27 J_ oo

It is possible to demonstrate that the Fourier transform of the convolution of two
PDF is given by the product of the Fourier transforms of the two PDF, i.e.:

fog=7f2. 2.61)

Conversely, also the Fourier transform of the product of two PDF is equal to the
convolution of the two Fourier transforms, i.e.:

fe=f®%. (2.62)

This property allows in several applications to easily perform convolutions using
numerical algorithms that implement the fast Fourier transform (FFT) [5].
A widely used model for detector resolution is a Gaussian PDF:

1 _a=)?

e 207 (2.63
V2ro )

rax) =gx—x) =
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The Fourier transform of a Gaussian PDF, like in Eq.(2.63), can be computed
analytically and is given by:

o2k2

glk) = e Me™ 2 (2.64)

The above expression can be used to simplify the implementation of numerical
algorithms that compute FFTs.

2.13 Probability Distribution Functions
in More than One Dimension

Probability densities can be defined in spaces with more than one dimension. In the
simplest case of two-dimensions, the PDF f(x, y) measures the probability density
per unit area, i.e. the ratio of the probability dP corresponding to an infinitesimal
interval around a point (x, y) and the area of the interval dxdy:

dp
oy =/ (2.65)

In three dimensions the PDF measures the probability density per volume area:

dpP
dxdydz

=f(xy,2), (2.66)
and so on for more dimensions. A multidimensional PDF is also called joint
probability distribution.

2.13.1 Marginal Distributions

Given a two-dimensional PDF f(x, y), the marginal distributions are the probability
distributions of the two variables x and y and can be determined by integrating f (x, y)
over the other coordinate, y and x, respectively:

ﬂ@=/ﬂmww .67

HO) = / fx,y)dx. (2.68)
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The above expressions can also be seen as a special case of continuous variable
transformation, as described in Sect. 2.4, where the applied transformations maps
the two variables into one of the two: (x,y) — x or (x,y) — y.

More in general, if we have a PDF in n = h + k variables (X,y) = (x1,--- , Xz,
Y1+ ,Y&), the marginal PDF of the subset of & variables (x,---,x;) can be
determined by integrating the PDF f(X,y) over the remaining set of variables

(yls"' 7yk):

L) = / fGy)dYy. (2.69)

A pictorial view that illustrates the interplay between the joint distribution f'(x, y)
and the marginal distributions f;(x) and f;(y) is shown in Fig. 2.13. Let’s remember
that, according to Eq.(1.6), two events A and B are independent if P(A N B) =
P(A)P(B). In the case shown in Fig.2.13 we can consider as events A and B the
cases where the two variables X and y are extracted in the intervals [x, x + §x[ and
[y,y + 8y, respectively:

A=“x<Xx<x+8x (2.70)
and

B="y<H<y+8". 2.71)

Fig. 2.13 In the ') o
two-dimensional plane (x, y), y
a slice in x corresponds to a

probability §P(x) = f,(x)8x, SP(x, y)
a slice in y corresponds to a
probability §P(y) = f,(y)3y,
and their intersection to a
probability

8P(x,y) = f(x,y)8x8y

SP(y)

SP(x)
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So, we have:
PANB)="“x<X<x+xandy < <y+ 8y =f(x.y)x8y. (2.72)
Since:
P(A) = 8P(x) = fu(x)8x (2.73)
and:
P(B) = 6P(y) = f,(»)dy . (2.74)
we have:
P(A)P(B) = SP(x,y) = £.(x)f,(y)5x8y . (2.75)

The equality P(A N B) = P(A)P(B) holds if and only if f(x, y) can be factorized
into the product of the two marginal PDFs:

1/ (y) = F@HG) .| (2.76)

From this result, we can say that x and y are independent variables if their joint
PDF can be written as the product of a PDF of the variable x times a PDF of the
variable y.

More in general, n variables xp,--- ,x, are said to be independent if their n-
dimensional PDF can be factorized into the product of n one-dimensional PDF in
each of the variables:

O ) = fin) - ful) - | @.77)

In a less strict sense, the variables sets ¥ = (x1,--+ ,x,) andy = (y,--+ ,ym) are
independent if:

f&y) =LOR0G). (2.78)

Note that if two variable x and y are independent, it can be easily demonstrated
that they are also uncorrelated, in the sense that their covariance (Eq. (1.22)) is null.
Conversely, if two variables are uncorrelated, they are not necessarily independent,
as shown in the Example 2.6 below.
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N
Example 2.6 — Uncorrelated Variables that Are Not Independent
An example of PDF that describes uncorrelated variables that are not indepen-
dent is given by the sum of four two-dimensional Gaussian PDFs as specified
below:
F5.3) = 28w 1. 0)8:0.0) + g(x: . 0)8(+:0.0)
X,y) = -8 1,0)8(y;V, 0 g8, —1,0)g(y;V, 0
4 (2.79)
8(x:0,0)g(y: ., 0) + g(x:0,0)8(y: =, 0)) ,
where g is a one-dimensional Gaussian distribution.
This example is illustrated in Fig. 2.14 which plots the PDF from Eq. (2.79)

with numerical values © = 2.5 and 0 = 0.7.
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Fig. 2.14 Example of a PDF of two variables x and y that are uncorrelated but are not independent
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e N

Considering that, for a variable z distributed according to g(z; u, o), the
following relations hold:

= wn
<Zz)=ll2+02»

it is easy to demonstrate that for x and y obeying the PDF in Eq. (2.79), the
following relations also hold:

’

0
2
() =) =0+ 5

=
=
I
—
=

Hence, according to Eq. (1.22), cov(x, y) = 0. Hence, x and y are uncorrelated,
but are clearly not independent because the PDF in Eq.(2.79) can’t be
factorized into the product of two PDF: there is no pair of functions f,(x)

andf; (y) such that f(x,y) = fr(x)f, ().

2.13.2 Conditional Distributions

Given a two-dimensional PDF f(x,y) and a fixed value xy of the variable x, the
conditional PDF of y given x is defined as:

f(-x()s y)

FOb) = [ fxo.y)dy

(2.80)

It can be interpreted as being obtained by “slicing” f(x, y) at x = xo and normalizing
the “sliced” one-dimensional PDF. Reminding Eq. (1.4), and considering again the
example in Fig. 2.13, this definition of conditional distribution is consistent with the
definition of conditional probability: P(A|B) = P(A N B)/P(B), where A ="y <
¥y <y + 8y”, y being the extracted value of y, and B = “x < xp < x + §x7,

An illustration of conditional PDF is shown in Fig. 2.15.

In more than two dimensions, we can generalize Eq. (1.4) for a PDF of n n =
h + k variables (X,y) = (X1, ,Xp, Y1.+** , &) as:

f(%o.y)
[fGo.y)dy, - dy}”

fO%0) = (2.81)
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Fig. 2.15 Tllustration of conditional PDF in two dimensions

2.14 Gaussian Distributions in Two or More Dimensions

Let’s consider in a two-dimensional variable space (x’,y’) the product of two
Gaussian distributions for the variables x’ and y’ having standard deviations o, and
oy respectively and for simplicity having both averages j, = @, = 0 (a translation
can always be applied to generalize to the case 1y, ity 7# 0):

1 1 [x? 2
J ) = exp|— (S +25 ). (2.82)
2moyoy 2 Oy oy

Let’s apply a rotation from (x’, y’) to (x, y) with an angle ¢ defined by:

X =xcos¢ —ysing
{y’ = xsing + ycos¢ (2.83)

The transformed PDF g(x,y) can be obtained using Eq.(2.20) considering that
det |8x§/8xj| = 1, which leads to g’(x’, ") = g(x,y). g(x,y) has the form:

glx,y) = ! T exp [—l ((x,y)C‘1 (x))} , (2.84)
27|C|2 2 y
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where the matrix C~! is the inverse of the covariance matrix of the variables (x, y).
C~! can be obtained by comparing Egs. (2.82) and (2.84), from which one can
substitute the rotated coordinates defined Eq. (2.83) in the following equation:

x/2 2
4 =y (x) : (2.85)
O—x’ O'y, y
leading to:
c(::¢+51n2¢ s]n¢COS¢( /Z_Lz)
=l " (2.86)
sin ¢ cos ¢ ( _ _) sm2¢ T cosz(p
ax’ Oy oy

The determinant of C~! that appears in the denominator of Eq. (2.84) under a square
root is:

1 1
Ic!| = = : (2.87)
ogoy  ofop(l—p3)

where p,, is the correlation coefficient defined in Eq.(1.23). Inverting the matrix
C~!, we can get the covariance matrix of the rotated variables (x, y):

_ cos? ¢aX2, + sin? ¢ay2, sin ¢ cosq&(oyz, - axz,) (2.88)
~ \singcos¢(o) — o) sin® g0 + cos? poy | '
Considering that a covariance matrix should have the form:
2
c=[% Paoxoy | (2.89)
Pxy0x0y Oy
the variances and correlation coefficient of x and y can be determined as:
axz = cos’ qbcrz, + sin? ¢cr% , (2.90)
oyz = sin? ¢o + cos? ¢>0 7y 2.91)
: 2 2
cov(x,y) sin2¢ (0, — 0y)
Py = = . (2.92)
0x0y \/sm 2¢(0f + 0 ,) + 2072 ,a ,

The last Eq. (2.92), implies that the correlation coefficient is equal to zero if either
oy = oy orif ¢ is a multiple of 7. We also have the following relation that gives
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tan 2¢ in terms of the elements of the covariance matrix:

2 X X
tan 29 = ~22%% (2.93)
oy — 0
The transformed PDF can be finally written as:
- ! ! 2 2y
gx,y) = ———F——exp Sa-a \2t 2~
2100y /1 — P2, (I=p3) \oz o} o0
(2.94)

The geometrical interpretation of o, and oy, in the rotated coordinate system is shown
in Fig.2.16, where the one-sigma ellipse obtained from the following equation is
drawn:

2 2
Xy 2xypy
o2 o2 0,0

X y =y

=1. (2.95)

It is possible to demonstrate that the distance of the horizontal and vertical tangent
lines to the ellipse have a distance from their respective axes equal to oy and o,
respectively.

y

X

Fig. 2.16 Plot of the one-sigma contour for a two-dimensional Gaussian PDF. The two ellipse
axes are equal to o and oy/; the x’ axis is rotated of an angle ¢ with respect to the x axis and the
lines tangent to the ellipse parallel to the x and y axes have a distance with respect to the respective
axes equal to o, and o, respectively
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Projecting the two-dimensional Gaussian on one of the two coordinates from
Eq. (2.94), one obtains the marginal PDFs:

+oo 1 _ 2
gx(x) = / glx,y)dy = e i, (2.96)

—00 \/2mo?
1

+o0
00) = /_ g(x.y) dr =

o0 \/ 270}

In general, projecting a two-dimensional Gaussian PDF in any direction leads to a
one-dimensional Gaussian whose standard deviation is equal to the distance of the
tangent line to the ellipse perpendicular to the axis along which the two-dimensional
Gaussian is projected. This is visually shown in Fig. 2.17.

The probability corresponding to a Zo one-dimensional interval for a Gaussian
distribution was reported in Eq. (2.27). In order to extend this result for the two-
dimensional case, the integration of g(x, y) should be performed in two dimension
over the ellipse that corresponding to Zo:

_y_
e 27 . (2.97)

Pyp(Zo) = / g(x,y) dxdy, (2.98)

Ez

Fig. 2.17 Plot of the two-dimensional one- and two-sigma Gaussian contours
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where
x2 2 2xyp,
Er={y): 5+ -2 <z (2.99)
oy o, 0x0y
The integral Pop(Zo) simplifies to:
zZ 2
Pyp(Zo) = / e 2rdr=1—¢ 7, (2.100)
0

that can be compared to the one-dimensional case:

2 (% _2 Z
Pip(Zo) = \/;/0 e Tdx= erf(%). (2.101)

The probabilities corresponding to 1o, 20 and 30 are reported for the one- and two-
dimensional cases in Table 2.1. The two-dimensional integrals are in all case smaller
than the one-dimensional case for a given Z. In particular, to recover the same
probability as the one-dimensional interval, one has to enlarge the two-dimensional
ellipse from 1o to 1.5150, from 20 to 2.4860, and from 30 to 3.4390.

Figure 2.17 shows the 1o and 20 contours for a two-dimensional Gaussian, and
three possible choices of 1o and 20 one-dimensional bands, two along the x and y
axes and one along a third generic oblique direction.

The generalization to n dimensions of the two-dimensional Gaussian described
in Eq. (2.94) is:

1
glxr, -+ xy) = —= (O = )G (o = u,-))} , (2.102)

1 XP
@m)t|cl: [ 2

where p; is the average of the variable x; and Cj; is the n x n covariance matrix of
the variables x, -+ , x,,.

Table 2.1 Probabilities
. Pip Pap
corresponding to Zo

one-dimensional and lo 0.6827 0.3934
two-dimensional contours for 20 0.9545 0.8647
different values of Z 30 0.9973 0.9889
1.5150 0.8702 0.6827
2.4860 0.9871 0.9545

3.4390 0.9994 0.9973
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Chapter 3
Bayesian Approach to Probability

The Bayesian approach to probability allows to define in a quantitative way
probabilities associated to statement whose truth or falsity is not known. This also
applies to the knowledge of unknown parameters in physics, allowing to assign a
probability to the possibility that a parameter’s value lies within a certain interval.

The mathematical tools needed to define a quantitative treatment of such cases
start from an extension of the Bayes’ theorem. Bayes’ theorem, presented in the
following section, has general validity for any probability approach, including
frequentist probability.

3.1 Bayes’ Theorem

According to the definition of conditional probability in Eq. (1.4), the probability of
an event A given the condition that the event B has occurred is given by:

P(A|B) = %. (3.1

We can conversely write the probability of the event B given the event A as:

P(BlA) = %. (3.2)

This situation is visualized in Fig.3.1. Extracting from Egs.(3.1) and (3.2) the
common term P(A N B), we obtain:

P(A|B)P(B) = P(BJA)P(A), (3.3)

© Springer International Publishing Switzerland 2016 53
L. Lista, Statistical Methods for Data Analysis in Particle Physics,
Lecture Notes in Physics 909, DOI 10.1007/978-3-319-20176-4_3



54 3 Bayesian Approach to Probability

P(A)= ———

P(B)

O
N
P(B|A)= g

0

Fig. 3.1 Visualization of the conditional probabilities, P(A|B) and P(B|A) due to Robert Cousins.
The events A and B are represented as subsets of a sample space 2

P(A|B)=

O
|
Q9.

O

from which the Bayes’ theorem can be derived in the following form:

P(A|B) = %. (3.4)

The probabilities P(A) and P(A|B) can be interpreted as probability of the event A
before the knowledge that the event B has occurred (prior probability) and as the
probability of the same event A having as further information the knowledge that
the event B has occurred (posterior probability).

A visual derivation of Bayes’ theorem, due to Robert Cousins, is presented in
Fig.3.2.
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qQ O Q

P(A|B)P(B)= X = ——— =P(ANB)

O

a @ «
P(B|A)P(A)= X = ——— =P(ANB)

O

Fig. 3.2 Visualization of the Bayes’ theorem due to Robert Cousins. The areas of events A an B,
P(A) and P(B) respectively, simplify as we multiply P(A|B)P(B) and P(B|A)P(A)

Example 3.7 — An Epidemiology Example

One of the most popular concrete applications of Bayes’ theorem occurs in
the “inversion” of conditional probability. The most popular case consists of
finding the probability that a person who received a positive diagnosis of some
a illness is really ill, knowing the probability that the test may give a false
positive outcome. This example has been reported in several lecture series and
books, for instance, in [1, 2].

Imagine a person has received a diagnosis of a illness through a test. We
know that, if a person is really ill, the probability that the test gives a positive
result is 100 %. But the test has also a small probability, say 0.2 %, to give a
false positive result on a healthy person.

If a random person does the test, and receives a positive diagnosis, what is
the probability that he/she is really ill? The naive answer that this probability
is 100% — 0.2% = 99.8 % is clearly wrong, as will be more clear in the
following. But if this question is asked to a person who has a limited statistical
background, it is a very likely answer to receive.

The problem can be formalized as follows:

P(+[ill) ~ 100%, 3.5)
P(—[ill) ~ 0%, (3.6)
P(+|healthy) = 0.2% 3.7)
P(—|healthy) = 99.8% . (3.8)
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What we want to know is the probability that a person is really ill after having
received a positive diagnosis, i.e.: P(ill|+). Using Bayes’ theorem, we can
“invert” the conditional probability as follows:

P(+ill)P(ill)

P@llj+) = , 39
(1) = =575 (39)
which, given that P(+]ill) ~~ 1, gives approximately:
) P(ill)
P@ll|+) >~ . 3.10
() = 5 (3.10)

We can now identify a missing ingredient in the problem: we need to know
P(ill), i.e.: the probability that a random person in the population under
consideration is really ill (regardless of any possibly performed test). In a
normal situation of a generally healthy population, we will have P(ill) <
P(healthy). Using:

P(ill) 4+ P(healthy) =1, (3.11)
and:
P(ill and healthy) = 0, (3.12)

we can decompose P(+) as follows, according to the law of total probability,
in Eq. (1.12) (from Sect. 1.7):

P(+) = P(+]ill)P(ill) + P(+|healthy)P(healthy) ~ P(ill) + P(+ |healthy) .
(3.13)

The probability P(ill|+) can then be written as:

P(ll) _ P(ll)

P(+) — P(ill) + P(+|healthy) -

P(ill|4) = (3.14)

If we assume that P(ill) is smaller than P(+|healthy) then P(ill|+) will result
smaller than 50 %. For instance, if P(ill) = 0.15%, compared with the
assumption that P(+|healthy) = 0.2 %, then

) 0.15
P(111|+) == m =43%. (315)
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i J P(+|healthy)

P(Hill) <
> P(—|healthy)

P(-ill) L ]
L | Y J

P(ill) P(healthy)

Fig. 3.3 Visualization of the ill/healthy case considered in the Example3.7. The red areas
correspond to the cases of a positive diagnosis for a ill person (P(+4]ill), vertical red area) and
a positive diagnosis for a healthy person (P(+|healthy), horizontal red area). The probability of
being really ill in the case of a positive diagnosis, P(ill|+), is equal to the ratio of the vertical red
area and the total red area. In the example it was assumed that P(—|ill) =~ 0

The probability to be really ill, given the positive diagnosis, is very different
from the naive conclusion that one is most likely really hill. The situation
can be visualized, changing a bit the proportions for a better presentation, in
Fig.3.3.

Having a high probability of a positive diagnosis in case of illness does not
imply that a positive diagnosis turns into a high probability of being really
ill. The correct answer, in this case, also depend on the prior probability for
a random person in the population to be ill, (P(ill)). Bayes’ theorem allows
to compute the posterior probability P(ill|+) in terms of the prior probability
and the probability of a positive diagnosis for a ill person, (P(+[ill)).

Example 3.8 — Purity of a Sample with Particle Identification

A derivation similar to the previous Example 3.7 can be applied to the case
of a detector that performs particle identification, where the conclusions will
be less counterintuitive than in the previous case, since this situation is very
familiar with a physicist’s experience.
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Consider, for instance, a muon detector that gives a positive signal for real
muons with an efficiency ¢ = P(+|u) and gives a false positive signal for
pions with a probability § = P(+|m). Given a collection of particles that can
be either muons or pions, what is the probability that a selected particle is
really a muon, i.e.: P(u|+)? As before, we can’t give an answer, unless we
also give the prior probability, i.e.: the probability that a random particle from
the sample is really a muon or pion. In other words, we should know P(ut) and
P(mr) = 1 — P(u). Using Bayes’ theorem, together with Eq. (1.12), we can
write, as in the example from the previous section:

P(+|m)P (1) P(+|m)P (1)

P(ul+) = PG _ PG , (3.16)
P(+) P(+[p)P(n) + P(+|m)P(r)

or, in terms of the fraction of muons f;, = P(u) and the fraction of pions

frx = P(m) of the original sample, we can write purity of the sample, defined
as the fraction of muons in a sample of selected particles, as:

&fu

In, = = —
g fﬂ,+ Sfu+8fn

(3.17)

Another consequence of Bayes’ theorem is the relation between ratios of
posterior probability and ratios of prior probability. The posteriors’ ratio can
in fact be written as:

P(ul+) _ P(HR) P
P(xl+) ~ P(+lm) P(r)’

(3.18)

The above expression also holds if more than two possible particle types are
present in the sample, and does not require to compute the denominator that
is present in Eq. (3.16), which would be needed, instead, in order to compute
probabilities related to all possible particle cases.

3.2 Bayesian Probability Definition

So far, Bayes’ theorem has been applied in cases that also fall under the frequentist
domain. Let’s now consider again the following formulation of Bayes’ theorem, as
from Eq. (3.4):

P(A|B) = %. (3.19)
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We can interpret it as follows: before the occurrence of the event B (or knowledge
that B is true), our degree of belief of the event A is equal to the prior probability,
P(A). After the occurrence of the event B (or after we know that B is true) our degree
of belief of the event A changes and becomes equal to the posterior probability
P(A|B).

Using this interpretation, we can extend the scope of the definition of probability,
in this new Bayesian sense, to events that are not associated to random variables,
but represent statements about unknown facts, like “my football team will win next
match”, or “the mass of a dark-matter candidate particle is between 1000 and
1500 GeV”. We can in fact consider a prior probability P(A) of such an unknown
statement, representing a measurement of our prejudice about that statement, before
the occurrence of any event that could modify our knowledge. After the event B
has occurred (and we know that B as occurred), our knowledge of A must change
in order to take into account the fact that we know B has occurred, and our degree
of belief should be modified becoming equal to the posterior probability P(A|B). In
other words, Bayes theorem tells us how we should change our subjective degree of
belief from an initial prejudice considering newly available information, according
to a quantitative and rational method. Anyway, starting from different priors (i.e.:
different prejudices), different posteriors will be determined.

The term P(B) that appears in the denominator of Eq. (3.4) can be considered
a normalization factor. If we can decompose the sample space €2 in a partition
Ayp, -+ A, where U_|A; = Q and A; N A; = 0 Vi,j, we can write, according
to the law of total probability in Eq. (1.12):

P(B) =) P(BIA)P(A)). (3.20)

i=1

This decomposition was already used in the examples discussed in the previous
sections.

The Bayesian definition of probability obeys Kolmogorov’s axioms of probabil-
ity, as defined in Sect. 1.4, hence all properties of classical probability discussed in
Chap. 1 also apply to Bayesian probability.

An intrinsic unavoidable feature of Bayesian probability is that the probability
associated to an event A can’t be defined without having a prior probability of that
event, which make Bayesian probability intrinsically subjective.

-
Example 3.9 — Extreme Cases of Prior Beliefs

Consider a set of possible events {A;} that constitute a non-intersecting
partition of 2. Imagine that we have as prior probabilities:

1ifi=0

0ifi0° (3.21)

P(A) = {
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This corresponds to a person that believes that Ag is absolutely true, all other
alternatives A; are absolutely false for i # 0. Whatever event B occurs, that
person’s posterior probability on any A; will not be different from the prior
probability:

P(Ai|B) = P(A), VB. (3.22)

In fact, from Bayes’ theorem:

P(B|A;)P(A;)
PA;B) = ——— 3.23
1B = =5 (3:23)

But, if i # 0, clearly:
P(B|A;) x 0

P(Aj|B) = ——— =0=PA). 3.24
1B = =2 o) (3:24)

If i = 0, instead, we have, assuming P(B|Ag) # 0:

P(B|A 1 P(B|A

PyB) = L BRI XL PBIA) . p s (305

Y P(BIA)P(A))  P(BlAg) x 1

This situation reflects the case that we may call dogma, or religious belief, i.e.:
the case in which someone has such strong prejudices on A; that no event B,
i.e.: no new knowledge, can change his/her degree of belief.

The scientific method allowed to evolve mankind’s knowledge of Nature
during history by progressively adding more knowledge based on the obser-
vation of reality. The history of science is full of examples in which theories
known to be true have been falsified by more precise observations, and new
better theories have replaced the old ones.

According to Eq.(3.22), instead, scientific progress is not possible in the
presence of religious beliefs about observable facts.

3.3 Bayesian Probability and Likelihood Functions

Given a sample (xj,---,x,) of n random variables whose PDF is known and
depends on m parameters, 0y,---, 0, the likelihood function is defined as the
probability density at the point (x,---,x,) given a fixed set of values of the



3.3 Bayesian Probability and Likelihood Functions 61

parameters 0y, -+ , 0,
dP(xy, -+ ,x
L(xy, - xp; 601, ,60,) = M . (3.26)
dxl e dxn 01, .0
As alternative to the notation L(xy,---,x,;61,---,6,), sometimes the notation
L(xy, -+ ,x,|01,---,6,) is also used equivalently, similarly to the notation used

in the definition of conditional probability. The likelihood function will be more
extensively discussed in Sect. 5.5.1.

From Eq.(3.26), we can define the posterior Bayesian probability distribution
function for the parameters 0y, - - - , 6,,, given the observation of (xj,--- ,x,), to be:

L(‘x17... a-xnlela”' 70111)]T(917“' aem)
IL(Xl,"' 7-xn|917"' ,em)ﬂ(el,"' 79m)dm0 '

P(Gla"' 791n|xla"' 7xn) =

(3.27)
where the probability distribution function (6, --- , 6,,) is the prior PDF of the
parameters 6, --- , O, i.e., our degree of belief about the m unknown parameters

before the observation of (xi,--- ,xy).

Fred James et al. gave the following interpretation of the posterior probability
density from Eq.(3.27): “The difference between w(6) and P(0|x) shows how
one’s knowledge (degree of belief) about 0 has been modified by the observation
x. The distribution P(0|x) summarizes all one’s knowledge of 6 and can be used
accordingly” [3].

3.3.1 Repeated Use of Bayes’ Theorem and Learning Process

If we start from a prior probability distribution function Py(f) = m(0) of an
unknown parameter 6, we can apply Bayes’ theorem after an observation x;, and
obtain a posterior probability:

P1(6) o< Po(0)L(x1]6) . (3.28)
where we have omitted the normalization factor: [ Po(6)L(x;|6) df. After a second
independent observation x,, we can again apply Bayes’ theorem, considering that
the combined likelihood corresponding to the two measurements x; and x; is given
by the product of the corresponding likelihoods:

L(x1,x2|0) = L(x1|0)L(x2]6) . (3.29)

From Bayes theorem we now have:

Py(0) o< Po(0)L(x1.x2]60) = Po(0)L(x1|0)Lx2]0) , (3.30)
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where we have again omitted a normalization factor. Equation(3.30) can be
interpreted as the application of Bayes’ theorem to the observation of x, having
a prior probability P;(6), i.e.: the posterior probability after the observation of xi,
P1(0) (Eq.(3.28)). Considering a third independent observation x; we can again
apply Bayes’ theorem and obtain:

P3(60) o Po(0)L(x3]0) = Po(0)L(x1]0)L(x2|0)L(x3]0) . (3.31)

Adding more measurements would allow to apply repeatedly Bayes’ theorem. This
possibility allows to interpret the application of Bayes’ theorem as learning process,
where one’s knowledge about an unknown parameter is influenced and improved by
the subsequent observations xp, x», etc.

The more measurement we add, the more the final posterior probability P,(6)
will be insensitive to the choice of the prior probability Py(6) = (), because the
0 range in which L(xy,---,x,|6) will be significantly different from zero will be
smaller and smaller, hence the prior 7(0) can be approximated to a constant value
within this small range, assuming we take a reasonably smooth function.

In this sense, a sufficiently large number of observation may remove, asymptot-
ically, any arbitrariness in posterior Bayesian probability, assuming that the prior is
a sufficiently smooth and regular function (e.g.: not in the extreme case mentioned
in the Example 3.9).

3.4 Bayesian Inference

Chapter 5 will discuss the problem of performing estimates of unknown parameters
using a frequentist approach. Given an observation X, one can use an algorithm hav-
ing good statistical properties, and in particular the maximum-likelihood estimator
(see Sect.5.5) is one of the most adopted one, to determine an estimate 6 of the

unknown parameter, or parameter set, 6 as the values that maximize the likelihood
function. The limited knowledge about the unknown parameter turns into an error,
or uncertainty, of the parameter estimate. Section 5.6, and more extensively Chap. 6,
will discuss how to determine under the frequentist approach errors and confidence

intervals corresponding to a parameter estimate 6.
This section instead will briefly discuss how the estimate of unknown parameters
can be addressed in a straightforward way using the determination of posterior

Bayesian PDFs of the unknown parameters of interest 6 using Eq. (3.27). First, the

most likely value of those parameters, 5 , can be determined from the posterior PDF:

LG 6)7(6)
[LGE6)r(6) do"

P(6[%) = (3.32)
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Similarly the average value 6 can also be determined from the same posterior PDFE.
In particular, if we assume a uniform prior distribution (this may not necessarily
the most natural choice), the most likely value, in the Bayesian approach, coincides
with the maximum-likelihood estimate, since the posterior PDF is equal, up to a
normalization constant, to the product of the likelihood function times the prior
PDF, which is assumed to be a constant:

LG:6)

P(F) T LG
7(6)=const. f L(x; 9/) d"o’

(3.33)

This result of course does not necessarily hold in the case a non-uniform prior PDF.
If we are interested only in a subset of the parameters, let’s say we have two
subset of parameters, 6 = (61, ,6y) which are parameters of interest and the
remaining parameters, v = (vy,---,v;) which are needed to model our PDF, but
should not appear among our final results, the posterior PDF can be written as:

- LG 0,7)m(, 7
P(@,75[%) = L6, v)7(9.v) , (3.34)
J L& 0/ v (6',v) dh6’ dh’

and the posterior PDF for the parameters 6 can be obtained as marginal PDF,
integrating Eq. (3.34) over all the remaining parameters v:

[LG:6,%)7(6,7)dv

. - . (3.35)
[LGE 6, 0)n(6, 1) dordly!

PR = / PO, v[F) dv =

Given a posterior PDF for an unknown parameter of interest 6, it is possible to
find intervals [6),, 6hi] corresponding to—say—a 68 % probability (i.e.: equal to a
=+ one o interval for a normal distribution) such that the integral of the posterior
PDF from 6}, to 6y; corresponds to 68 %. The choice of the interval for a fixed
probability level, usually indicated as CL= 1 — «, anyway has still some degree of
arbitrariness, since one can choose different possible intervals all having the same
probability level 1 — « (i.e.: equal area under the PDF curve, in the given interval).
Below some examples:

 acentral interval [0),, 6] such that the two complementary intervals | — 0o, G,[
and ]6p;, +oo[ both correspond to probabilities of o /2;

* afully asymmetric interval | — oo, 6y;] with corresponding probability 1 — «;

¢ afully asymmetric interval ]6),, +00] with corresponding probability 1 — «;

 the interval [0y, 6] with the smallest length corresponding to the specified
probability 1 — «;

e a symmetric interval around the value with maximum probability 6: [0 = 6 —
8,60 =0+ 8], corresponding to the specified probability 1 — «;

o ...etc.
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Example 3.10 — Posterior for a Poisson Distribution

Let’s consider a simple case of a Poisson distribution P(n|s) of an integer
variable with an expectation value s. Assume we observe the value n. Using
Bayes posterior definition from Eq. (3.27), and assuming a prior PDF 7 (s) for
s, we have:

s'n*

P(sn) w7
sn) = o0 '1. ) *
/ s 7(s)ds
0

n!

(3.36)

If we take 7 (s) to be a constant,! the normalization factor in the denominator
becomes:

© r 1,s)|*®
L [T gegs=_ LO+LIT (3.37)
n! Jo n! 0
hence we have:
Si’le—S
P(s|n) = st (3.38)

which has the same expression of the original Poisson distribution, but this
time it is interpreted as the posterior PDF of the unknown parameter s, given

the observation n. Using Eq.(3.38), we can determine that the most
probable value of s (according to the posterior in Eq. (3.38)) as:

S=n. (3.39)

We also have:
() =n+1, (3.40)
Var[s] =n+1. (3.41)

Note that the most probable value § is different from the average value (s).
Those results depend of course on the choice of the prior 7(s). We took
a uniform distribution for 7 (s), but this is of course one of many possible
choices.

'Considering the prior choice due to Jeffreys, discussed in Sect. 3.7, a constant prior could
not be the most “natural” choice. Using Jeffreys’ prior in the case of a Poisson distribution
would give 7(s) & 4/5.
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3.5 Bayes Factors

As seen at the end the Example 3.8, there is a convenient way to compare the
probability of two hypotheses using Bayes theorem which does not require the
knowledge of all possible hypotheses that can be considered. In the Bayesian
approach to probability, this can constitute an alternative to the hypothesis test (that
will be introduced in Chap. 7) adopted under the frequentist approach.

Using the Bayes theorem, one can write the ratio of posterior probabilities
evaluated under two hypotheses Hy and H;, given our observation X, also called
Bayes factor [4], as:

Bir = P(Hi[X)  P(X|H) _m(H))
1/0 = —~ = T X s
P(Ho|lx)  P(x|Hy)  m(Ho)

(3.42)

where 7 (H,) and 7 (H)) are the priors for the two hypotheses.

The Bayes factor can be used as alternative to significance level (see Sect. 8.2)
adopted under the frequentist approach in order to determine the evidence of one
hypothesis H; (e.g.: a signal due to a new particle is present in our data sample)
against a null hypothesis Hy (e.g.: no signal due to a new particle is present in our
data sample). The proposed scale for Bayes factor to assess the evidence of H;
against Hy, as reported in [4], are presented in Table 3.1.

Introducing the likelihood function, the Bayes factor can also be written as:

_ [ L(x|H, 01)7(6y) db,
[ L(X|Ho, 60)7(6y) d6y

Bijo (3.43)

where the parameters 51 and 50 required under the two hypotheses have been
introduced. As usual in Bayesian applications, the computation of the Bayes factors
requires integrations that in most of the realistic cases can be performed using
computer algorithms.

Table 3.1 Assessing Bijo Evidence against Ho

evidence with Bayes factors

according to the scale

proposed in [4] 3-20 Positive
20-150 | Strong

>150 Very strong

1-3 Not worth more than a bare mention



66 3 Bayesian Approach to Probability
3.6 Arbitrariness of the Prior Choice

The main concern expressed by frequentist statisticians regarding the use of
Bayesian probability is its intrinsic dependence on a prior probability that could
be chosen by the observer in an arbitrary way. This arbitrariness makes Bayesian
probability to some extent subjective, in the sense that it depends on one’s choice
of the prior probability which may change from subject to subject. We saw in the
Example 3.9 that, in extreme cases, extreme choices of prior PDFs may lead to
insensitiveness on the actual measurements.

It is also true, as remarked in Sect. 3.3.1, that, for reasonable choices of the prior
PDF, adding more and more measurements increases one’s knowledge about the
unknown parameter 6, hence the posterior probability will be less and less sensitive
to the choice of the prior probability. In most of those cases, where a large number of
measurements is available, the application of Bayesian and frequentist calculations
tend to give identical results.

But it is also true that many interesting statistical problems arise in the cases with
small number of measurements, where the aim of the adopted statistical method is
to extract the maximum possible information from the limited available sample,
which is in general precious because it is the outcome of our complex and labour-
intensive experiment. In those cases, applying Bayesian or frequentist methods
usually leads to numerically different results, which should also be interpreted in
very different ways. In those cases, using the Bayesian approach, the choice of the
prior probabilities may play a crucial role and it may have relevant influence on the
results.

One of the main difficulty arises when choosing a probability distribution to
models one’s complete ignorance about an unknown parameter 6. A frequently
adopted prior distribution in physics that models one’s complete lack of knowledge
about a parameter 6 is a uniform (“flat”) PDF in the interval of validity of 6. But
it is clear that if we change the parametrization from the original parameter 6 to a
function of 6 (for instance in one dimension one may chose exp 6, log 6, VOorl /0,
etc.), the resulting transformed parameter will no longer have a uniform prior PDF.
This is true, for instance, in the case of the measurement of a particle’s lifetime <.
Should one chose a PDF uniform in t, or in the particle’s width, I' = 1/7? There is
no preferred choice provided by any first principle.

An approach to find a prior distribution that is invariant under reparametrization
is to use the prior’s choice proposed by Harold Jeffreys (see next Sect. 3.7). This
approach leads, except in a few cases, to prior PDFs that are not uniform. For
instance, for a Poissonian counting experiment, like the one considered in the
Example 3.10, Jeffreys’ prior is proportional to 1/./s, not uniform as assumed to
determine Eq. (3.38).
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This subjectiveness in the choice of the prior PDF is intrinsic to the Bayesian
approach and raises criticism by supporters of the frequentist approach, which
object that results obtained under the Bayesian approach are to some extent
subjective. Supporters of the Bayesian approach reply that Bayesian result are
intersubjective [5], in the sense that common prior choices lead to common results.
The debate is in some cases still open, and literature still contains opposite opinions
about this issue.

3.7 Jeffreys’ Prior

One possible approach to the choice of prior PDFs has been proposed by Harold
Jeffreys [6]. He proposed to adopt a choice of prior PDF in a form which results
invariant under parameter transformation. Jeffreys’ choice is, up to a normalization
factor, given by:

p(0) x \1(6), (3.44)

where / (é) is the determinant of the Fisher information matrix defined below:

- dInL(x¥|6) 01n L(%|6)
1(6) = det [< 7 7 >] (3.45)

It is not difficult to demonstrate that Jeffreys pr10r does not change when changing
parametrization, i.e.: transforming >0 =0 (9)

Jeffreys’ prior corresponding to the parameters of some of the most frequently
used PDFs are given in Table 3.2. Note that only the case of the mean of a Gaussian
gives a uniform Jeffreys’ prior.

Table 3.2 Jeffreys’ priors corresponding to the parameters of some of the most frequently used
PDFs

PDF parameter Jeffreys’ prior
Poissonian mean p p(p) < 1,./1k
Poissonian signal mean p with a background b p(u) x 1/ +5b
Gaussian mean § p(p) o 1
Gaussian standard deviation o plo) x 1/o

Binomial success fraction ¢ ple) x 1/4/e(1 —¢)
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3.8 Error Propagation with Bayesian Probability

In the case of Bayesian inference, error propagation proceeds naturally. The
outcome of a Bayesian inference process is a posterior PDF for the unknown
parameter(s). In order to obtain the PDF for a set of transformed parameters it is
sufficient to apply the results we saw in Sect. 2.4 concerning how PDF transform
under variables transformation. We remind here that, in the case of a two-variable
transformation, (x,y) — (¥,y) = (X'(x,y),Y'(x,y)), a PDF f(x,y) transforms
according to:

Fay) = / S(¢ — X' (v, 3080/ — ¥'(x.3)) f(x.y) dxdy (3.46)

Given f'(¥', '), one can determine again, for the transformed parameters, the most
likely values, the average, and probability intervals. The generalization to more
variables is straightforward.

Something to be noted is that the most probable values (X, ¥), i.e: the values that
maximize f(x,y), do not necessarily map into values (X(X), Y(¥)) that maximize
f'(X',y’). This issue is also present in the frequentist approach when dealing with
the propagation of asymmetric uncertainties, and will be discussed in Sect. 5.9. Sec-
tion 5.8 will discuss how to propagate errors in the case of parameter transformation
using a linear approximation, and under this simplified assumption, which is not
always a sufficient approximation, one may assume that values that maximize f
map into values that maximize f’, i.e.: (', 3) = (X(%), Y(9)).
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Chapter 4
Random Numbers and Monte Carlo Methods

4.1 Pseudorandom Numbers

Many computer application, ranging from simulations to video games and 3D-
graphics application, take advantage of computer-generated numeric sequences
having properties very similar to truly random variables. Sequences generated by
computer algorithms through mathematical operations are not really random, having
no intrinsic unpredictability, and are necessarily deterministic and reproducible.
Indeed, it is often a good feature for many application the possibility to reproduce
exactly the same sequence of computer-generated numbers given by a computer
algorithm.

Good algorithms that generate “random” numbers, or better, pseudorandom
numbers, given their reproducibility, must obey, in the limit of large numbers, to
the desired statistical properties of real random variables.

Numerical methods involving the repeated use of computer-generated pseudo-
random numbers are often referred to as Monte Carlo methods, from the name of
the city hosting the famous casino, which exploits the properties of (truly) random
numbers to generate profit.

4.2 Pseudorandom Generators Properties

Good (pseudo)random number generators must be able to generate sequences of
numbers that are statistically independent on previous extractions, though unavoid-
ably each number will be determined mathematically, through the generator’s
algorithm, from the previous numbers.

All numbers in the sequence should be independent and distributed according to
the same PDF P(x) (independent and identically distributed random variables, or
i.i.d.). Those properties can be written as follows:
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P(-xi) = P(X,), Visjs (41)
Py |xp—m) = P(x,), Yn,m. 4.2)

Example 4.11 — Transition From Regular to “Unpredictable” Sequences

There are several examples of mathematical algorithms that lead to sequences
that are poorly predictable. One example of transition from a “regular” to a
“chaotic” regime is given by the logistic map [1]. The sequence is defined,
starting from an initial value x, as:

Xpp1 = Axp (1 —x,). 4.3)

Depending on the value of A, the sequence may have very different possible
behaviors. If the sequence converges to a single asymptotic value x for n — oo,
we would have:

lim x, = x, “4.4)
n—>oo

where x must satisfy:
x=Ax(l—x). 4.5)

Excluding the trivial solution x = 0, Eq. (4.5) leads to the solution x = (1 —
A)/A. This solution is stable for values of A smaller than 3. Above A = 3, the
sequence stably approaches a state where it oscillates between two values x;
and x, that satisfy the following system of two equations:

X1 = /X)Cz(l —xz) , (46)
Xy = /\xl(l —xl). (47)

For larger values, up to 1 + /6, the sequences oscillates between four values,
and further bifurcations occur for larger values of A, until it achieves a very
complex and poorly predictable behavior. For A = 4 the sequence finally
densely covers the interval ]0, 1[. The PDF corresponding to the sequence
with A = 4 can be demonstrated to be a beta distribution with parameters
a = 8 = 0.5, where the beta distribution is defined as:

T (1=t
Jsep) = Jo7N 0 —wpptdu

(4.8)

The behavior of the logistic map for different values of A is shown in Fig. 4.1.

~

J
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Fig. 4.1 Logistic map [2]

4.3 Uniform Random Number Generators

The most widely used computer-based pseudorandom number generators are conve-
niently written in such a way to produce sequences of uniformly distributed numbers
ranging from zero to one.! Starting from uniform random number generators most
of the other distribution of interest can be derived using specific algorithms, some
of which are described in the following.

The period of a random sequence, i.e.: the number of extractions after which the
sequence will repeat itself, should be as high as possible, and anyway higher than
the number of random numbers that will be used in the specific application.

For instance, the function 1rand48 [3], which is a standard of C programming
language, is defined according to the following algorithm:

Xnt1 = (ax, + c)modm, 4.9)

where the values of m, a and ¢ are:

m = 2% (4.10)
a = 25214903917 = 5DEECE66D hex (4.11)
¢ =11 = Bhex (4.12)

'In realistic cases of finite numeric precision, one of the extreme values is excluded. It would have
a corresponding zero probability, in the case of infinite precision, but it is not the case with finite
machine precision.
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The sequences obtained from Eq.(4.9) for given initial values xj are distributed
uniformly between 0 and 2*® — 1. This corresponds to sequences of random bits
that can be used to return 32-bits integer numbers or can be mapped into sequences
of floating-point numbers uniformly distributed in [0, 1], as done by the C function
drand4 8. The value xy is called seed of the random sequence. Choosing different
initial seeds produces different sequences. In this way one can repeat a computer-
simulated experiment using different random sequences each time changing the
initial seed and obtaining different results that simulate the statistical fluctuation
of the simulated experiment.

Similarly to 1rand48, the gsl rng rand [4] generator of the BSD rand
function uses the same algorithm but with a = 41C64E6D hex, ¢ = 3039 hex and
m = 23!, The period of 1rand48 is about 2*%, while gs1_rng rand has a lower
period of about 23!

A popular random generator that offers good statistical properties is due to
Liischer [5], implemented by James in the RANLUX generator [6], whose period
is of the order of 10'7!. RANLUX is now considered relatively slower than other
algorithms, like the L’Ecuyer generator [7], which has a period of 28, or the
Mersenne-Twistor generator [8] which has a period of 2!1°%37 — 1 and is relatively
faster than L’Ecuyer’s generator.

4.3.1 Remapping Uniform Random Numbers

Given a value x uniformly distributed in [0, 1[, it is often convenient to transform it
into a variable x" uniformly distributed in another interval [a, b[ by performing the
following transformation:

X =a+x(b—a). (4.13)

With this transformation, x = 0 corresponds to X’ = a and x = 1 corresponds to
X =b.
4.4 Non Uniform Random Number Generators

Starting from a uniform pseudorandom number generator, it is possible to define
algorithms that generate sequences that have non-uniform distributions.
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4.4.1 Gaussian Generators Using the Central Limit Theorem

We already saw in Chap. 1 that, using the central limit theorem, the sum of N
random variables, each having a finite variance, is distributed, in the limit N — oo,
according to a Gaussian distribution. For a finite but sufficiently large value of N we
can extract N values xi, - -+ ,xy from a uniform random generator and remap them
from [0, 1] to [—+/3, +/3[ using Eq. (4.13), so that the average and variance of each
x; are zero and one respectively. Then, we can compute:

x_xl+...+xN
Vi

which has again average equal to zero and variance equal to one. Figure 2.11 shows
the distribution of x for N up to four, giving approximately a Gaussian distribution,
that is necessarily truncated in the range [—+/3N, +/3N] by construction. This is
anyway not the most effective way to generate approximately Gaussian-distributed
pseudorandom numbers. A better algorithm will be described at the end of this
section.

(4.14)

4.4.2 Non-uniform Distribution From Inversion
of the Cumulative Distribution

If we want to generate a pseudorandom variable x distributed according to a generic
function f(x), we can build its cumulative distribution (Eq. (2.13)):

F(x) = /_x FOHdy' . (4.15)

If we can invert the cumulative distribution F(x), it is possible to demonstrate
that, extracting a random number r uniformly distributed in [0, 1], the transformed
variable:

x=F(r) (4.16)
is distributed according to f(x). In fact, if we write:

r=F(x), (4.17)

we have:

ar= L g = f( 4.18
r=g &=r0dr. (4.18)
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Introducing the differential probability dP, we have:
dpP dpP
— = —. 4.19
— = (4.19)
Since r is uniformly distributed, we have: dP/dr = 1, hence:
L (4.20)
e x), .

which means that x follows the desired PDF. This method only works conveniently
if the cumulative F(x) can be easily computed and inverted using either analytical
or numerical methods. If not, usually this algorithm may be very slow.

s N
Example 4.12 — Extraction of an Exponential Random Variable
We can use the inversion of the cumulative distribution in order to extract
random numbers x distributed according to an exponential PDF:
f(x) = de ™. 4.21)
The cumulative PDF is:
F(x) = / FO)dY =1—e*. (4.22)
0
Inverting F(x) leads to:
11— =r, (4.23)
which translates into:
1
x = — log(1—r). (4.24)
If the extraction of r happens in the interval [0, 1], like drand4s8, r = 1 will
never be extracted, hence the argument of the logarithm will never be equal to
zero, ensuring the numerical validity of Eq. (4.24).
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Example 4.13 — Extraction of a Uniform Point on a Sphere

Assume we want to generate two variables, 6 and ¢, distributed in such a
way that the direction described by them in polar coordinates points to a point
uniformly distributed on a sphere. In this case the two-dimensional differential
probability must be uniform per unit of solid angle €2:

dpP dpP

R ——— 4.25

dQ sin6dfd¢ (4.25)
where k is a normalization constant such that the PDF integrates to unity over
the entire solid angle, 4. From Eq. (4.25), the combined two-dimensional
PDF can be factorized into the product of two PDFs, as functions of 6 and ¢
(i.e.: @ and ¢ are independent):

dpP

m = f(0)g(¢p) = ksin6 , (4.26)
where:
dP
f(0) = 7] =C1, 4.27)
g(¢) = 3—: =csiné. (4.28)

The constants ¢; and ¢, ensure the normalization of f(6) and g(¢). 6 can be
extracted inverting the cumulative distribution of f(0) (Eq. (4.16)), and since
g(¢) is uniformly distributed, ¢ can be extracted just remapping the interval
[0, 1] into [0, 27 [ (Eq. (4.13)), leading to:

0 = arccos(1 — 2ry) €]0, 7], (4.29)
¢ =2nr, €10,2x[, (4.30)

where r; and r, are extracted as uniformly distributed in [0, 1][.

4.4.3 Gaussian Numbers Generation

In order to generate Gaussian random numbers, the inversion of the cumulative
distribution would lead to the inversion of an error function, which is not easy
to perform numerically. One possibility is to extract, according to the algorithm
described in the following, pairs of random numbers Gaussian distributed in two
dimensions and use them as independent Gaussian numbers. This is easier to
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perform by moving from cartesian coordinates (x,y) to polar coordinates (r, ¢).
In particular, the radial Gaussian cumulative PDF was already introduced in
Eq. (2.100), and leads, in the simplest case of a normal Gaussian (with average in
(0, 0) and standard deviations in both coordinates equal to one), to:

N‘b,\,

P
Pyp(p) = / e 2rdr=1—-e" (4.31)
0

This leads to the Box Muller transformation [9] from two variables r; and rp
uniformly distributed in [0, 1] into two variables z; and z, distributed according to a
normal Gaussian:

r=4/—2logr 4.32)

¢ =2mr (4.33)
7] = rcos¢ (4.34)
7 = rsing (4.35)

A normal Gaussian random number z can be easily transformed into a Gaussian
random number x with a given average u and standard deviation o using the
following transformation:

xX=pu+oz. (4.36)

More efficient generators for Gaussian random numbers exist. For instance [10]
describes the so-called Ziggurat algorithm.

4.5 Monte Carlo Sampling

There are many cases in which the cumulative distribution of a PDF is not easily
computable and invertible. In those case, other methods allow to generate random
numbers according to a given PDF.

4.5.1 Hit-or-Miss Monte Carlo

A rather general-purpose and simple to implement method to generate random
numbers according to a given PDF is the hit-or-miss Monte Carlo. It assumes we
have a PDF defined in an interval x € [a, b[, that is known as a function f(x), but not
necessarily normalized (i.e.: fahf (x) dx may be different from one). We also assume
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Fig. 4.2 Sketch of
hit-or-miss Monte Carlo f(x ) \

method
m

miss

hit

that we know the maximum value m of f, or at least a value m that is greater or equal
to the maximum of f. The situation is sketched in Fig. 4.2.

The method consist of first extracting a uniform random number x in the interval
[a,b[, and then computing f = f(x). Then, a random number r is extracted
uniformly in [0, m[. If r > f (“miss”) we repeat the extraction of x, until r < f
(“hit”). In this case, we accept x as the desired extracted value. In this way,
the probability distribution of the accepted x is our initial (normalized) PDF by
construction. A possible inconvenient of this method is that it rejects a fraction
of extractions equal to the ratio of area under the curve f(x), and the area of the
rectangle that contains f. The method has an efficiency (i.e.: the fraction of accepted
values of x) equal to:

b

o da/O& (437)
(b—a)xm

which may lead to a suboptimal use of the computing power, in particular if the
shape of f(x) is very peaked.

Hit-or-miss Monte Carlo can also be applied to multi-dimensional cases. In those
cases, one first extracts a multi-dimensional point X = (x1,--- , x,), then accepts or
rejects X according to a random extraction r € [0, m[, compared with f(x, -« - , x;).
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Fig. 4.3 Variation of
hit-or-miss Monte Carlo f(x) \
using the importance
sampling m
a b x

4.5.2 Importance Sampling

If the function f is very peaked, the efficiency ¢ of this method (Eq. (4.37)) may
be very low. In those cases the algorithm may be adapted to become more efficient
by identifying in a preliminary stage a partition of the interval [a, b[ such that in
each subinterval the function f has a smaller variation than in the overall range.
In each subinterval the maximum of f is estimated. This situation is sketched
in Fig.4.3. First of all, a subinterval of the partition is randomly chosen with a
probability proportional to its area. Then, the hit-or-miss approach is followed in the
corresponding rectangle. This approach is often referred to as importance sampling.

A possible variation of this method is to use, instead of the aforementioned
partition, an “envelope” for the function f, i.e.: a function g(x) that is always greater
than f(x): g(x) > f(x), VYx € [a, b, and for which a convenient method to extract x
according to the normalized distribution g(x) is known.

It’s evident that the efficiency of the importance sampling may be significantly
higher than the “plain” hit-or-miss Monte Carlo if the partition and the correspond-
ing maxima in each subinterval are properly chosen.
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Example 4.14 — Combined Application of Different Monte Carlo
Techniques

We want to find an algorithm to generate a random variable x distributed
according to a PDF:

f(x) = Ce™ cos? kx, (4.38)

where C is a normalization constant, and A and k are two known parameters.
f(x) describes an oscillating term (cos” kx) dumped by an exponential term
(e™).

We can use as “envelope” the function Ce™*, so we first generate a
random number x according to this exponential distribution. Then we apply
an hit-or-miss technique, and we accept or reject x according to a probability
proportional to cos? kx. The probability distribution, given the two independent
processes, is the product of the exponential envelope times the cosine-squared
term. In summary, the algorithm may proceed as follows:

—Ax

. generate r uniformly in [0, 1]

. compute x = —% log(1 —r).

. generate s uniformly in [0, 1]

. if s > cos? kx repeat the extraction at the point 2
. else return x

DN AW N -

4.6 Numerical Integration with Monte Carlo Methods

Monte Carlo methods are often used as numerical methods to compute integrals
with the computer. If we use the hit-or-miss method described in Sect.4.5.1, for

instance, we can estimate the integral fab f(x) dx from the fraction of the accepted
hits n over the total number of extractions N:

b
1=/f(x)dx:?=(b—a)x]%. (4.39)

With this approach, n follows a binomial distribution. If we can use the approximate
expression in Eq. (1.40) (see §ect. 1.11.1, n should not be too close to either O or N),
we can estimate the error on [ as:

I(1=1)

O'iZ(b—a) N

(4.40)

Equation4.40 shows that the error on 1 decreases as +/N. We can apply the same
hit-or-miss method to a multi-dimensional integration problem. In that case, we
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would have the same expression for the error, which decreases as /N, regardless
of the number of dimensions d of the problem. Other numerical methods, not based
on random number extractions, may suffer from severe computing time penalties
as the number of dimensions d increases, and this makes Monte Carlo methods
advantageous in cases of high number of dimensions, compared to other non-
random-based techniques.

In the case of hit-or-miss Monte Carlo, anyway, numerical problems may arise
in the algorithm to find the maximum value of the input function in the multi-
dimensional range of interest. Also, partitioning the multi-dimensional integration
range in an optimal way, in case the of importance sampling, can be a non-trivial
problem.
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Chapter 5
Parameter Estimate

This chapter describes how to determine unknown parameters of some probability
distribution by sampling the values of random variables that obey such distribution.
In physics this procedure is applied when measuring parameters of interest by
running repeated experiments.

A typical case is running a particle collider and recording multiple collision
events for further analysis. Theory provides a probability model that predicts
the distribution of the observable quantities our detector is sensitive to. Some
parameters of the theory are unknown, and the measurement of those parameters
of interest is the goal of our experiment.

The outcome of an experiment is related to a probability distribution that results
from the combination of the theoretical model and the effect of the experimental
detector response, since usually the observed distributions of the measured quan-
tities is affected by detector’s finite resolution effects, miscalibrations, presence of
background, etc. The detector response can be described by a probability model that
depends on unknown parameters. Those additional unknown parameters, referred
to as nuisance parameters, arise in such a way in the problem and appear together
with the unknown parameters from theory. Examples of nuisance parameters are
the detector resolution, calibration constants, amount of background, etc. Those
parameters can be, in many cases, determined from experimental data samples.
In some cases, dedicated data samples may be needed (e.g.: data from test beams
in order to determine the calibration constants of a detector, cosmic-ray runs to
determine alignment constants, etc.), or dedicated simulation programs.
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5.1 Measurements and Their Uncertainties

We can determine, or estimate the value of the unknown parameters (either
parameters of interest and nuisance parameters) using the data collected by our
experiment, which lead to an approximate knowledge of those parameters within
some uncertainties.

The procedure to determine parameters from a data sample is also called
best fit, because we determine the parameters that best fit the theoretical model
on the experimental data sample by finding an optimal set of parameter values
(see Sect.5.5).

The data provided by an experiment consist of measured values of the observable
quantities that constitute our data sample which is a sampling of the PDF deter-
mined by the combination of the theoretical and the instrumental effects.

From the observed data sample, the value of one or more parameters 6 is inferred,
up to some level of uncertainty, and, as result of the measurement of a parameter 6,
one quotes a central value and uncertainty, denoted usually as:

0=0+356.

Above, 80 represents the error or uncertainty associated to the measurement 0.
The interval [é — 56,6 + 80] is referred to as confidence interval with a probability
value is associated to it. Usually 68 % is implicitly assumed, which corresponds to
an interval of 10 for a normal distribution. In some cases, asymmetric positive
and negative uncertainties are taken, so we quote:

_ ptdo4
0=0_",

corresponding to the confidence interval [é — 86,0+ 0_].

The meaning of the error 66 (or the errors §— and 64) and of the confidence
interval may be different depending on the statistical approach taken.

As introduced in Sect. 1.1, two main complementary statistical approaches exist
in literature. Those correspond to two different interpretation of the confidence
interval, or the central value and its uncertainty:

* Frequentist approach: for a large fraction, usually by convention 68 % (“one
o, or alternatively 90 or 95 %), of repeated experiments, in the limit of infinitely
large number of repetitions of the experiment, the unknown true value of 6 is
contained in the quoted confidence interval [é — 86,6 + 80], where 6 and 56
may vary from one experiment to another, being the result of the measured
data sample in each experiment. This property of the estimated interval is
referred to as statistical coverage. Interval estimates that have a larger or smaller
(frequentist) probability to contain the true value, in this sense, are said to
overcover or undercover, respectively.



5.1 Measurements and Their Uncertainties 83

e Bayesian approach: one’s degree of belzef that the unknown parameter is
contained in the quoted interval [9 — 586,06 +6 0] can be quantified with a 68 %
(or 90 or 95 %) probability. The mathematical quantitative definition and the
procedures to quantify the degree of belief under the Bayesian approach has been
discussed in Chap. 3.

Within both the frequentist and the Bayesian approaches there are still some degrees
of arbitrariness in the definition of confidence intervals, as already seen in Sect. 3.4
(central interval, extreme intervals, smallest-length interval, etc.).

The process of determining the estimated values (é) and the corresponding uncer-
tainty (60) of some unknown parameters from experimental data that correspond
to the sampling of a probability distribution is also called inference. The presence
of a finite uncertainty reflects the statistical fluctuations of the data sample due to
the intrinsic (theoretical) and/or experimental (due to the effect of the detection
instrument) randomness of our observable (see the diagram in Fig. 5.1). The smallest
the amount of fluctuation of data (i.e.: a distribution that concentrates in a small
interval a large probability), the smallest the uncertainty in the determination of the
unknown parameters. Ideally, if the data sample would exhibit no fluctuation and if
our detector would have a perfect resolution, a perfect knowledge of the unknown
parameters would be possible. This case is never present in real experiments, and
every real-life measurement is affected by some level of uncertainty.

Probability

Theory Model :> Data

data fluctuate according
to the process randomness

Inference

Theory Model <:| Data

Model parameters are uncertain
due to the finiteness of the
data sample

Fig. 5.1 Relation between probability and inference
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5.2 Nuisance Parameters and Systematic Uncertainties

In order to define the PDF describing a data model, in many cases it is necessary to
introduce parameters that are not of direct interest to our problem. For instance,
when determining (“fitting”) the yield of a signal peak, it is sometimes needed
to determine from data other parameters, like the experimental resolution that
gives the peak width, detector efficiencies that are needed to determine the signal
production yield from the measured signal yield, parameters to define the shapes
and amounts of possible backgrounds, and so on. Those parameters are often
referred to as nuisance parameters. In some cases, nuisance parameters can’t be
determined from the same data sample used to measure the parameters of interest
and their estimate should be taken form other measurements. The uncertainty
on their determination, external to the considered fit problem, will reflect into
uncertainties on the estimate of parameters of interest, as we will see in the following
(see Sect. 8.11).

Uncertainties due to the propagation of imperfect knowledge of nuisance param-
eters that can’t be constrained from the same data sample used for the main fit of
the parameters of interest gives raise to systematic uncertainties, while uncertainties
purely related to the fit are referred to as statistical uncertainties.

5.3 Estimators

Determining the estimate of unknown parameters requires the definition of a
mathematical procedures to determine the central values as a function of the
observed data sample. In general, such a function of the data sample that returns
the estimated value of a parameter is called estimator. Estimators can be defined in
practice by more or less complex mathematical formulae or numerical algorithms.
We are interested in estimators that have “good” statistical properties, and such
properties that characterize good estimators will be discussed in Sect. 5.4.

( Example 5.15 — A Very Simple Estimator in a Gaussian Case )
As first and extremely simplified example, let’s assume a Gaussian distribution
whose standard deviation o is known (e.g.: the resolution of our apparatus),
and whose average u is the unknown parameter of interest. Let’s assume our
data sample consists of a single measurement x which is distributed according
to the Gaussian distribution under consideration. We can define as estimator of

w1 the function that returns the single value x that has been extracted, i.e.: we
consider as estimate of u the value i = x.
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If we repeat many times (ideally: an infinite number of times) the exper-
iment, we will have different values of i = x, distributed according to the
original Gaussian.

In 68.27% of the experiments, in the limit of an infinite number of
experiments, the fixed and unknown true value p lies in the confidence interval
[A—0oa+o0],iecu—0c<jg<put+oorp €[i—o,f+0c],andin
the remaining 31.73 % of the cases p will lie outside the same interval. This
expresses the coverage of the interval [L — o, i + o] at the 68.27 % confidence
level.

We can quote our estimate ;4 = i & o, in this sense. +o¢ is the error
or uncertainty we assign to the measurement /i, with the frequentist meaning
defined above.

In realistic cases we have a data sample that is more rich than a single mea-
surement, and PDF models more complex than a Gaussian, which we considered
in the Example 5.15. The definition of an estimator may require in general complex
mathematics or in many cases computer algorithms.

5.4 Properties of Estimators

Different estimators may have different statistical properties that makes one or
another estimator more suitable for a specific problem. In the following we will
present some of the main properties of estimators. Section 5.5 will introduced the
maximum-likelihood estimators which have good performances in terms of most of
the properties indicators described in the following.

5.4.1 Consistency

An estimator is said to be consistent if it converges, in probability, to the true
unknown parameter value as the number of measurements » that tends to infinity,
i.e., if:

Ve lim P(6,— 0] <e)=1. (5.1
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5.4.2 Bias

The bias of an estimator is the average deviation of the estimate from its true value:
(o) = (é - 9> — (é> —9. (5.2)

The average is intended as the expected value over an infinitely large number of

repeated experiments.

5.4.3 Minimum Variance Bound and Efficiency

The variance of any consistent estimator is subject to a lower bound due to
Cramér [1] and Rao [2] which is given by:

(1 + ah(e))
V0] > Ver(9) = :
<(BlnL(x1,~~~ ,x,,;@))2>
30

The denominator of Eq. (5.3) is called Fisher information in statistical literature, and
was already introduced in Sect. 3.7 when defining Jeffreys’ priors in the Bayesian
approach.

The ratio of the Cramér-Rao bound to the estimator’s variance is called
estimator’s efficiency:

(5.3)

~ Ver(d
e(6) = Y& (5.4)
414
Any consistent estimator 6 has efficiency s(é) lower or equal to one.
'd N\

Example 5.16 — Estimators with Variance Below the Cramér—Rao Bound
are Not Consistent

It is possible to find estimators that have variance lower than the Cramér—Rao
bound, but this implies that they are not consistent. Examples can be found by
dropping the hypothesis that the estimator is consistent.

For instance, an estimator of an unknown parameter that gives a constant
value (say zero) as estimate of the parameter, regardless of the data sample
values, has zero variance, but is of course not consistent.

An estimator of this kind is clearly not very useful in practice.
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5.4.4 Robust Estimators

If a sample’s distribution has (hopefully slight) deviations from the hypothetical
theoretical PDF model, some properties of estimators that assume the theoretical
PDF model correctly describes the data may not hold necessarily. The entries in our
data sample that exhibit large deviations from the theoretical PDF are called outliers.
An important property of an estimator, in presence of outliers, is to have a limited
sensitivity to the presence of such data that deviate from the theoretical model. This
property, that can be better quantified, is in general defined as robustness.

An example of robust estimator of the average value of a sample xi, - - - , x, is the
median x, defined in the following way:

Xnt1 if nis odd,

L2 (5.5)
3(x2 +x241) if n is even.

Clearly, the presence of outliers at the left or right tails of the distribution will not
change significantly the value of the median, if it is dominated by measurements in
the “core” of the distribution, while the usual average (Eq. (1.13)) could be shifted
from the true value more and more as much as the outlier distribution is broader
than the “core” part of the distribution. Trimmed averages, i.e.: averages computed
by removing from the sample a fraction of the rightmost and leftmost data in the
sample is also less sensitive to the presence of outliers.

It is convenient to define the breakdown point as the maximum fraction of
incorrect measurements (i.e. outliers) above which the estimate may grow arbitrarily
large in absolute value. In particular, trimmed averages that remove a fraction f of
the events can be demonstrated to have a breakdown point f, while the median has
a breakdown point of 0.5.

A more detailed discussion of robust estimator is beyond the purpose of this text.
Eadie et al. [3] contains a more extensive discussion of robust estimators.

5.5 Maximum-Likelihood Method

The most frequently used estimate method is based on the construction of the
combined probability distribution of all measurements in our data sample, called
likelihood function, which was already introduced in Sect. 3.3. The central values of
the parameters we want to estimate are obtained by finding the parameter set that
correspond to the maximum value of the likelihood function. This approach gives
the name of maximum-likelihood method to this technique.

Maximum-likelihood fits are very frequently used because of very good statisti-
cal properties according to the indicators discussed in Sect. 5.4.
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The simple example of estimator discussed in the Example5.15, assuming the
simple case of a Gaussian PDF with unknown average p and known standard
deviation o, where the sample consisted of a a single measurement x obeying this
given Gaussian PDF, is a very simple example of the application of the maximum-
likelihood method.

5.5.1 Likelihood Function

We define the likelihood function as the PDF that characterizes our set of experi-
mental observables, evaluated at the values of those observables that corresponds
to our data sample, for given values of the unknown parameters. If we measure the
values xi, - - - x, of n random variables and our PDF model depends on m unknown
parameters 6y, - - - , 6,,, we define the likelihood function L as:

L(-xlv”' s-xn;elv”' sem) :f(-xls"' 7-xn;015"' 797}’[)7 (5'6)

where f is the (joint) PDF of the random variables xi, - - - x,,. As already anticipated
in Sect. 3.3, often, the notation: L(xy, -+ ,x,|01,---,6,,) is also used, resembling
the notation adopted for conditional probability (see Sect. 1.6).

We can define the maximum-likelihood estimator of the unknown parameters
01,---,0, the function that returns the values of the parameters for which the
likelihood function, evaluated on the measured sample, is maximum. We implicitly
assume that there is a unique maximum value, otherwise the determination of the
maximum-likelihood estimate is not unique.

If we have N repeated measurements each consisting of the n values of the ran-
dom variables (xp, - - - , x,,), we can consider the probability density corresponding to
the total sample x = {(x{, -+ ,x}), ==+, (x}, -+ ,x&¥)}. If we assume that the events
are independent of each other,' the likelihood function of the sample consisting
of the N events can be written as the product of the PDFs corresponding to the
measurement of each single event, i.e.:

N
Lx;0) = [[f () oxi 61,ee . 60) (5.7)

i=1

'In this case, we will often use the term event with the meaning frequently used in physics, more
than in statistics, i.e.: an event is the collection of measurements of the observable quantities
X1,*+* , X, which is repeated in one or more experiments. Measurements performed in different
events are assumed to be uncorrelated. In this sense, each sequence of event variables x} Ly va s
for all i = 1,---,n, can be considered a sampling of independent and identically distributed

random variables, or i.i.d., see Sect. 4.2.
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In order to more easily manage the maximization of the likelihood, often the
logarithm of the likelihood function is computed, so that when the product of many
terms appears in the likelihood definition, this is transformed into the sum of the
logarithms of such terms. The logarithm of the likelihood function becomes:

N
—InL(x:0) ==Y Inf(xy. - 20, 0,). (5.8)

5.5.1.1 Numerical Implementations: MINUIT

The maximization of the likelihood function L, or the equivalent—but often more
convenient—minimization of —InL, can be performed analytically only in the
simplest cases. Most of realistic cases require numerical methods implemented as
computer algorithms. The computer algorithm MINUIT [4] is one of the most widely
used minimization software tool in the field of high-energy and nuclear physics
since the years 1970s, and has been reimplemented from the original fortran version
in C++, as available in the ROOT software toolkit [5].

5.5.2 Extended Likelihood Function

If the number of events N is also a random variable that obeys the distribution
p(N;0y,---,6,), which may also depend on the m unknown parameters, we can
define the extended likelihood function as:

N
L=pN: O, 0) [ [F&h - s 60+, 6). (5.9)

In most of the cases of interest in physics, p(N; 61, --- , 8,,) is a Poisson distribution
whose average 1 may depend on the m unknown parameters. In this case, we can
write:

—#(91 m) 9
I - e IL( Lo O)Y l—[f(xl""’ n,91,"' O . (5.10)

In the case for instance where the PDF is a linear combination of two PDFs, one
for “signal” (P;), one for “background” (P;), whose yields, s and b are unknown,
we can write the extended likelihood function as:

np—(s+b) N
L b.0) = ST Gp s ) 4 AP0 G

i=1
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where the fractions of signal and background f; and f;, are:

fi=5% (5.12)
fr=:5. (5.13)
Replacing Eqs. (5.12) and (5.13) in (5.11), we have:

(s + b)"e 6D X (sPy(x11 0) + bPy(x:: 0))
L is ,b,@ == 5.14
(i s ) n! E s+b ( )

e—(x+b) N

= —— [ TGP 0) + bPy(x::60)) (5.15)

i=1

Writing the logarithm of the likelihood function we have the more convenient
expression:

—InL(xii5.b.0) = s+ b+ Y In(sPy(x;: ) + bPy(x;: 6)) — Inn!. (5.16)

i=1

The last term, —Inn!, is constant with respect to the unknown parameters and can
be omitted when minimizing the function — In L(x;; s, b, 0).

An example of extended maximum-likelihood fit of a two-component PDF like
the one illustrated above is shown in Fig. 5.2. The points with the error bars represent

100

80

60

Events /(0.01)

40

b

20

NPT LS bo8

0 Lottt bl b 1LV 3OS,
25 26 27 28 29 3 3.1 32 33 34 35
m (GeV)

Fig. 5.2 Example of unbinned extended maximum-likelihood fit of a simulated dataset. The fit
curve is superimposed on the data points as solid blue line



5.6  Errors with the Maximum-Likelihood Method 91

the data sample, shown as binned histogram for convenience, which is randomly
extracted according to the assumed PDF. The unknown parameters present in are fit
according to the likelihood function in Eq. (5.16) with a PDF modeled as sum of a
Gaussian component (“signal”’) and an exponential component (“background’). The
mean and standard deviation of the Gaussian component and the decay parameter
of the exponential component are fit simultaneously with the number of signal and
background events, s and b.

5.5.3 Gaussian Likelihood Functions

Assuming we have n measurements of a variable x whose PDF is a Gaussian with
average ( and standard deviation o, we have:

. _ . (x; — p)?
—2InL(x;; u,0) = E ——— +tn(n2r +2Ino). (5.17)
o

i=1

The minimization of —21In L(x;; i, o) can be performed analytically by finding the
zeros of the first derivative with respect to i and o2, and the following maximum-
likelihood estimates for y and o2 can be obtained:

1

= ;in’ (5.18)
i=1

o 1L R

62 = ;Z(xi—,u)z. (5.19)
i=1

The maximum-likelihood estimate 62 is affected by bias (Sect.5.4.2), in the sense
that its average value deviates from the true 2. The bias, anyway, decreases as
n — oo. The way to correct the bias of Eq. (5.19) is discussed in the Example 5.18.

5.6 Errors with the Maximum-Likelihood Method

Once we have determined the estimate 6 of our parameter of interest, using the
maximum-likelihood method, we have to determine a confidence interval that
corresponds to a coverage of 68.27 %, or “10”, in most of the cases.

In cases of non-Gaussian PDFs, in the presence of a large number of
measurements that we combined into a single estimate, we can still use a Gaussian
approximation. If we are far from that ideal limit, the result obtained under the
Gaussian assumption may be only an approximation and deviation from the
exact coverage may occur. If we use as PDF model an n-dimensional Gaussian
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(Eq.(2.102)), it is easy to demonstrate that we can obtain the n-dimensional PDF
covariance matrix as the inverse of the matrix of the second-order partial derivatives
of the negative logarithm of the likelihood function, i.e.’:

cl = _alnL(xl,... X 01,0, 6)
! 36, 96,

(5.20)

This covariance matrix gives the n-dimensional confidence contour having the
correct coverage if the PDF model is exactly Gaussian.

Let’s consider the Gaussian likelihood case of Eq. (5.17), from Sect. 5.5.3. In that
case, if we compute the derivative of —In L with respect to the average parameter
L, we obtain:

1 3>(—1InL) n

— 5.21
g ou? 02 (5-21)

which leads to the following error on the estimated average:

o, = % (5.22)

This expression coincides with the evaluation of the standard deviation of the
average from Eq. (5.18) using the general formulae from Egs. (1.14) and (1.15).

Another method frequently used to determine the uncertainty on maximum-
likelihood estimates is to look at the excursion of —2InL around the minimum
value (i.e.: the value that maximizes L), and find the interval where —2 In L increases
by one with respect to its minimum value. This method leads to identical results
of Eq. (5.20) in the Gaussian case, but may lead to different results in the case of
non-Gaussian PDFs. In particular, this approach in general may lead to asymmetric
errors, but better follows the non-local behavior of the likelihood function.? This
procedure is graphically shown in Fig. 5.3 for the case of a single parameter 6.

In more than one dimension the same method can be applied, obtaining an
approximate multidimensional ellipsoid. For instance, the two-dimensional contour
plot shown in Fig. 5.4 shows the values of the parameters of s and b that minimize
Eq. (5.16) (central point) for the sample shown in Fig. 5.2. The approximate ellipse
corresponds to the points for which —In L(x;; s, b, 0) in Eq. (5.16) increases by two
with respect to its minimum, corresponding to a 1o uncertainty.

2For the users of the program MINUIT, this estimate correspond to call the method
MIGRAD/HESSE.

3 Again, for MINUIT users this procedure correspond to the call of the method MINOS.
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—2InL

-2 lanax+ 1

_21anax
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6—c- é é"r(j + 6
Fig. 5.3 Scan of —21InL as a function of a parameter 6. the error interval is determined looking at

the excursion of —2 In L around the minimum, at é, finding the values for which —21n L increases
by one unit
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Fig. 5.4 Two-dimensional contour plot showing the 1o error ellipse for the fit parameters s and b
(number of signal and background events) corresponding to the fit in Fig. 5.2

The exact coverage, anyway, is not ensured even in this method where the
excursion of the negative log-likelihood function is evaluated, though usually the
coverage is improved with respect to the parabolic approximation in Eq. (5.20).
Chapter 6 will discuss a more rigorous treatment of uncertainty intervals that ensure
the proper coverage.
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Example 5.17 - Maximum-Likelihood Estimate for an Exponential Dis-
tribution

We want to compute the maximum-likelihood estimate and error for the
parameter A of an exponential PDF:

f@o) =2e™, (5.23)
given n measurements of #: t1, -+ , 1,.
By minimizing analytically the likelihood function, written as the product

of f(¢,) - - -f(t,), one can easily show that the maximum-likelihood estimate of
A, which is the inverse of the average “lifetime”, T = 1/4, is:

-1
N 1<
A= (; Zzi) , (5.24)

with an error, using Eq. (5.20), of:

oy =A/n. (5.25)

The derivation of this result is left as exercise to the reader.

5.6.1 Properties of Maximume-Likelihood Estimators

Maximum-likelihood estimators can be demonstrated to be consistent. Moreover,
maximum-likelihood estimators may have a bias, but it is possible to demonstrate
that the bias tends to zero as the number of measurements n tends to
infinity. Maximum-likelihood estimators have efficiencies (compared to the
Cramér-Rao bound, from Eq.(5.4)) that asymptotically, for large number
of measurements, tend to one. Hence, maximum-likelihood estimators have,
asymptotically, the lowest possible variance compared to any other estimator.
Finally, maximum-likelihood estimator are invariant under reparameterization.
That is, if we find a maximum of the likelihood in term of some parameters,
in the new parameterization, the transformed parameters also maximize the
likelihood.
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s N
Example 5.18 — Bias of the Maximum-Likelihood Estimate of a Gaussian

Variance

The maximum-likelihood estimate of the variance of Gaussian-variables
average from Eq. (5.19) is given by:

1 n
62 ==Y (xi— ). (5.26)
i=1

n-

The bias is defined in Eq. (5.2). It can be shown analytically that the expected
value of 67 is:
n—1 ,

A\
(6%) = —o, (5.27)

where o is the true variance. Hence, the maximum-likelihood estimate 62
tends to underestimate the variance, and it has a bias given by:

-1 2
by = (6%)— 0% = (” - 1) o?=-2 (5.28)
n n

which decreases with n, as in general expected for a maximum-likelihood
estimate. In particular, an unbiased estimate can be obtained by multiplying the
maximum-likelihood estimate by a correction factor n/(n — 1), which gives:

A I )
Ul?nbiased = m Z(xi - H‘)z . (5.29)
i=1

5.7 Minimum y? and Least-Squares Methods

Let’s consider a case in which a number n of measurements (y; £ o7q,--- y, £ 0;) is
performed, and each measurement y; & o; corresponds to a value x; of a variable x.
Assume we have a model for the dependence of y on the variable x as follows:

y=f(x6), (5.30)

where 6 = (61,--- , 6,) is a set of unknown parameters we want to determine. If the

measurements y; are Gaussianly distributed around f (x;; ) with standard deviation
equal to 0;, we can write the likelihood function for this problem as the product of
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n Gaussian PDFs:
50 - 1 i — i;é 2
LG:6) = [[ ——=-exp —(yé# , (5.31)
i=1 y/27o} 9i

where y = (y1,-++ , yn).
Maximizing L(y; 6) is equivalent to minimize —2 In L(y; 6):

. n o . - 2 n
—2LG:H) =Y w +Y 207 (5.32)

i=1 t i=1

The last term does not depend on the parameters 6 , if the uncertainties o; are known
and fixed, hence it is a constant that we can drop when performing the minimization.
So, we can minimize the following quantity corresponding to the first term in
Eq. (5.32):

- i~ f(x; 0))?
X’(0) = ; R (5.33)

An example of fit performed with the minimum- y?> method is shown in Fig.5.5.

y=AxeBX

o
\HlHH‘\
@

Fig. 5.5 Example of minimum-y? fit of a simulated dataset. The points with the error bars,
assumed resulting from Gaussian PDFs, are used to fit a function model of the type y = f(x) =
Axe™ 8%, where A and B are unknown parameters determined form the fit procedure. The fit curve
is superimposed as solid blue line
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In case the uncertainties o; are all equal, it is possible to minimize the expression:

n

R =3 (i—fan)? = r.

i=1 i=1

This minimization is referred to as least-squares method.

5.7.1 Linear Regression

(5.34)

In the easiest case of a linear function, the minimum- y> problem can be solved

analytically. The function f can be written as:
y=f(x;a,b) =a+ bx,

a and b being free parameters. The y? can then be written as:

(a b) = Z (vi— bxl

The analytical minimization can proceed as usual, imposing
Ix*(a.b)
————= = 0, which gives:
ob s
B— cov(x,y) 7
Vix]
a=(y)-b).

where, introducing the weights w; defined as:

1/0?

l

Z;'l=1 1/51'2’

w; =

we have:

n

= E WiXi ,
i=1
n

= E Wiyi,
i=1

dx*(a.b)

(5.35)

(5.36)

= 0 and

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)
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VI = ()7 = (&) = Q_wx)> = ) wixt (5.42)
i=1 i=1

cov(x,y) = () = (x) (v) = D wixiyi— D wixi Y wiyi. (5.43)
i=1 i=1 =

The uncertainties on the parameter estimates a and b can be estimated as described
in Sect. 5.6:

1 9’ InL 192y a4
I % 2% 49
and similarly:
1 1%
b
Hence, we have:
B -1
1
0; = ( —) , (5.46)
— Oi
i=1
—1
2 X2
o; = ( - . (5.47)
\ \i=1 @

5.7.2 Goodness of Fit

One advantage of the minimum- y> method is that the expected distribution of 32,
the minimum 2 value, is known and is given by:

2
P(y%n) = y 21 (5.48)

where n is the number of degrees of freedom of the problem, i.e.: the number of
measurements n minus the number of fit parameters m. We define the p-value as
P(x> > 7?), the probability that y? is greater or equal to the value > obtained at
the fit minimum. If the data follow the assumed Gaussian distributions, the p-value
is expected to be a random variable uniformly distributed from O to 1 (see Sect. 2.3).
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Obtaining a small p-value of the fit could be symptom of a poor description of
the theoretical model y = f(x; 5). For this reason, the minimum y? value can be
used as a measurement of the goodness of the fit. Anyway, setting a threshold, say
p-value less than 0.05, to determine whether a fit can be considered acceptable or
not, will always discard on average 5 % of the cases, even if the PDF model correctly
describes the data, due to statistical fluctuations.

Note also that the p-value can not be considered as the probability of the fit
hypothesis to be true. Such probability would only have a meaning in the Bayesian
approach (see Chap.3), and in that case it would require a different type of
evaluation.

Unlike minimum- )(2 fits, in general, for maximum-likelihood fits the value
of —2InL for which the likelihood function is maximum does not provide a
measurement of the goodness of the fit. It is possible in some cases to obtain
a goodness-of-fit measurement by finding the ratio of the likelihood functions
evaluated in two hypotheses: the Wilks’ theorem (see Sect.7.6) ensures that such
ratios, if the likelihood function obeys some regularity conditions, and if the
two hypotheses are nested (see Chap.7), is asymptotically, for a large number
of repeated measurements, distributed as a y? distribution (Eq.(5.48)). A more
extensive discussion about the relation between likelihood functions, their ratios and
x2 can be found in [6], and will be also discussed in Sect. 5.10.2 for what concerned
binned fits.

5.8 Error Propagation

Once we have measured with our inference procedure the m parameters 6, -- - , 6,,,
in several cases we need to evaluate a new set of parameters, 1y, --- , 1 that can
be determined as functions of the measured ones. The uncertainty on the original
parameters reflects in the uncertainty on the new parameter set.

The best option to determine the uncertainties on the new parameters would be
to reparameterize the likelihood problem using the new set of parameters and to
perform again the maximume-likelihood fit in terms of the new parameters. This is
not always possible, in particular when the details of the likelihood problem are not
available, for instance when retrieving a measurement from a published paper.

In those cases, the simplest procedure may be to perform a local linear approxi-
mation of the transformation functions that express the new parameters as a function
of the measured ones. If the errors are sufficiently small, projecting them on the
new variables using the linear approximation, leads to a sufficiently accurate result.
In general, we can express the covariance matrix Hj; of the transformed parameters
in terms of the covariance matrix ®y; of the original parameters with the following
expression:

8771 877]
Z %, 3 9 (5.49)
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Fig. 5.6 Plot of a variable A
transformation n = 7(6), and M
visualization of the procedure

of error propagation using

local linear approximation

= >
Gy 0
or, in matrix form:
H=ATOA, (5.50)
where:
an;
Ay = —. 5.51

This procedure is visualized in the simplest case of a one-dimensional transforma-
tion in Fig. 5.6.

5.8.1 Simple Cases of Error Propagation

If we have to rescale a variable x:
y = ax (5.52)

then the uncertainty squared will become:

2 dy 2 2 2 2
oy = (a) o, =a‘o;, (5.53)

hence:



5.9 Issues with Treatment of Asymmetric Errors
If we sum two uncorrelated variables x and y:
Z=x+Yy

then the uncertainty squared will become:

2 _ dzzz dzzz_z 2
UZ_ a Ux+ d_y O'y—O-X+O-y,

hence:

Orty = /02 +02.

101

(5.55)

(5.56)

(5.57)

More in general, also considering a possible correlation term, using Eq. (5.49), one

may obtain:

Opty = /02 + crf + 2p0o,0y .

In case of the product of two variables x and y:

Z=2xy

the relative uncertainty add in quadrature, plus a possible correlation term:

2
()i )2
xy x y xy

For the non-linear case of a power law:

one has:

5.9 Issues with Treatment of Asymmetric Errors

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

In Sect.5.6 we observed that maximum-likelihood fits may lead to asymmetric
errors. The propagation of asymmetric errors and the combination of more mea-
surements having asymmetric errors may require special care. If we have two
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~tot

- ,\+6),.+ .. . .
measurements: x = x_,- and y = Y=o, > the naive extension of the sum in
quadrature of errors, derived in Eq.(5.57), would lead to the (incorrect!) sum in
quadratures of the positive and negative errors:

+y @)+ (5.63)
-7+, '

which has no statistical motivation. One reason for which Eq. (5.63) is incorrect,
is the central limit theorem. In the case of a very large sample, symmetric errors
can be approximated by the standard deviation of the distribution of that sample. In
case of an asymmetric (skew) distribution, asymmetric errors may be related to a
measurement of the skewness (Eq. (1.25)) of the distribution. Adding more random
variables, each characterized by an asymmetric PDF, should lead to a resulting
PDF that approaches a Gaussian more than the original PDFs, hence it should have
more symmetric errors. From Eq. (5.63), instead, the error asymmetry would never
decrease by adding more and more measurements with asymmetric errors.

One statistically correct way to propagate asymmetric errors on quantities (say 1)
that are expressed as functions of some original parameters (say ) is to reformulate
the fit problem in terms of the new parameters, and perform again the fit and error
evaluation for the derived quantities (n). This approach is sometimes not feasible
in the case when measurements with asymmetric errors are taken as result of a
previous measurement (e.g.: from a publication) that do not specify the complete
underlying likelihood model. In those cases, the treatment of asymmetric errors
requires some assumptions on the underlying PDF model which is missing in the
available documentation of the model’s description. Discussions about how to treat
asymmetric errors can be found in [7-9] using a frequentist approach. D’ Agostini
[10] also approaches this subject using the Bayesian approach (see Chap. 3). In the
following part of the section the derivation from [9] will be briefly presented as

x+y=@x+y)

example.
Imagine that the uncertainty on a parameter X’ may arise from a non-linear
dependence on another parameter x (i.e.: X’ = f(x)) which has a symmetric

uncertainly o.

Figure 5.7 shows a simple case where a random variable x, distributed according
to a Gaussian PDF, is transformed into a variable x’ through a piece-wise linear
transformation, leading to an asymmetric PDF. The two straight-line sections, with
different slopes, join with continuity at the central value of the original PDF. This
leads to a resulting PDF of the transformed variable which is piece-wise Gaussian:
the two half-Gaussians, each corresponding to a 50 % probability, have different
standard deviation parameters, o/, and o’ . Such a PDF is also called bifurcated
Gaussian in some literature.

If we have as original measurement: x = % & o, this will lead to a resulting

. ~ 4o/,
measurement of the transformed variable: X' = x’ _a/+ , where og_ and o’ depend on

o through factors equal to the two different slopes: 0/, = 0 -5 and o/ = 0 -s_
respectively, as seen from the Fig.5.7.
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Fig. 5.7 Transformation of a
variable x into a variable x’
through a piece-wise linear
transformation characterized
by two different slopes. If x /
obeys a Gaussian PDF with
standard deviation o, X’ obeys
a bifurcated Gaussian, made
of two Gaussian halves O+
having different standard
deviation parameters, afi_

and o/ O -

(OIN0)

One consequence of the transformed PDF shape is that the average value of the
transformed variable, (x'), is different from the most likely value, x'. While the
average value of the sum of two variables is equal to the sum of the average values
of the two variables (Eq. (1.19)), this is not the case for the most likely value of the
sum of the two variables.

In fact, using a naive error treatment, like the one in Eq. (5.63), could even lead
to a bias in the estimate of combined values. In particular, the average value of X’ is:

W)=x+ (5.64)

1
\/T_H(Ug_ — U/_) 5

In that assumed case of a piece-wise linear transformation, we can consider, in
addition to Eq. (5.64), also the corresponding expressions for the variance:

’ 7N\ 2 I 1 N\2
Var[y] = (0+ ;”") v (0+ . 0‘) (1 - %) , (5.65)

and for the unnormalized skewness, defined in Eq. (1.26):

Y] = (") =3 ) (") + 2 () (5.66)

- % [Z(C’i —02) - %W —0-)(0} +02) + %(cu - a_)-”] . (5.67)
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The unnormalized skewness that leads to Eq.(5.67) add linearly, like the average
+

. . . +o
and variance. If we have two variables affected by asymmetric errors, say: xl_alL
+
+o. . . . . .
and xz_azi , and assume an underlying piece-wise linear model, as in the case treated
here, we can compute the average, variance and unnormalized skewness for the sum

of the two:

(x1 +x2) = (x1) + (x2) , (5.68)
Var[x1 + xz] = Var[xl] + Val'[)Q] s (5.69)
vl +x] = yhal + vl (5.70)

where the three above quantities for x; and x, separately can be computed from
Eqgs. (5.64), (5.65) and (5.67). Inverting the relation between (x; + x»), Var[x; +
x] and y[x; + x;] and x1 + xp, 0112 and o, one can obtain, using numerical

. . +o
techniques, the correct estimate for x1+2_gl—j: z,
1+2

Barlow [9] also considers the case of a parabolic dependence and obtains a

+
+0142

procedure to estimate xj4,_ with this second model.

(71__‘_2
Any estimate of the sum of two measurements affected by asymmetric errors
requires an assumption of an underlying PDF model, and results may differ for

different assumptions, depending case by case on the numerical values.

5.10 Binned Samples

The maximum-likelihood method discussed in Sect. 5.5 is used to perform param-
eter estimates using the complete set of information present in our measurements
sample. In the case of a very large number of measurement, computing the
likelihood function may become unpractical from the numerical point of view, and
the implementation could require very large computing power.

For this reason, it’s frequently preferred to perform the parameter estimate using
a summary of the sample’s information which is obtained by binning the distribution
of the random variable (or variables) of interest and using as information the number
of entries in each single bin.

In practice, we build an histogram, in one or more variables, of the experimental
distribution. If the sample is composed of independent extractions from a given
random distribution, the number of entries in each bin obeys a Poisson distribution
whose expected number of entries in each bin can be determined from the theoretical
distribution and depends on the unknown parameters one wants to estimate.
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5.10.1 Minimum- x* Method for Binned Histograms

In the case of a sufficiently large number of entries in each bin, the Poisson
distribution describing the number of entries in each bin can be approximated by a
Gaussian with variance equal to the average number of entries in that bin, according
to what was derived in Sect. 2.9. In this case, the expression for —2 In L becomes:

+
(i — [ f(x: 01, 6,) dx)?
—2InL = E f‘ : +nln2m + E Inn;, (5.71)
- n; -

l

where [xi_,xj'] is the interval corresponding to the i bin. If the binning is
sufficiently fine, we can write:

(ni — f(xi: 01, -+, On) 8x7)?
—2InL = +nln2mx + Inn;, 5.72
T 6T
where x; is center of the i bin and 8x; is the bin’s width.

Dropping the terms that are constant with respect to the unknown parameters 6,
and hence are not relevant for the minimization, the maximum-likelihood problem
reduces to the minimization of the following y?:

2 (ni — i (61, . O))?
= , 5.73
X Z m (5.73)
where the bin size dx; has been absorbed in the definition of w;, for simplicity of
notation:

Mi(ela Tty 9111) :f(-xl; 917 Tt Qm)Sxi . (574)

An alternative approach due to Pearson consists of replacing the denominator with
the “theoretical” expected number of entries p;.

The value of )(2 at the minimum can be used, as discussed in Sect.5.7.2, as
measurement of the goodness of the fit, where in this case the number of degrees of
freedom is the number of bins n minus the number of fit parameters k.

5.10.2 Binned Poissonian Fits

In binned samples in general the Gaussian hypothesis assumed in Sect. 5.10.1 does
not necessarily hold when the number of entries per bin may be small. In the
Poissonian case, valid in general, also for small number of events, the negative
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log-likelihood function that replaces Eq. (5.72) is:

—2InL = —2In] [ Poiss(n;: 11i(61. -+ . 6)) (5.75)
e_Mi(els"' vem)ui(el L, Qm)ni
= —21nH p . (5.76)

Using the approach proposed in [6], we can divide the likelihood function by it’s
maximum value, which we obtain replacing u; with n;. Hence, we obtain:

L(ng; pi(61,-++ , O
2 =-2In (ni; 11O ) om .
L(n;; n;) n!  ein

n;
2;[,&,-(91,“' ,9m)—n,-+n,-ln (m)} . (578)

e M ny!

(5.77)

From Wilks’ theorem (see Sect.7.6) the distribution of Xﬁ can be approximated
with the y? distribution (Eq. (5.48)), hence )(i can be used to determine a p-value
that provides a measure of the goodness of the fit.

In case the Wilks’ theorem hypotheses do not hold, e.g.: insufficiently large
number of measurements, the distribution of Xﬁ for the specific problem can still
be determined by generating a large number of Monte Carlo pseudo-experiments
that reproduce the theoretical PDF, and the p-value can be computed accordingly.
This technique is often called toy Monte Carlo.

5.11 Combining Measurements

The problem of combining two or more measurements of the same unknown
quantity 8 can be addressed in general building a likelihood function that combines
the two or more experimental samples and contains the same unknown parameter
set. Minimizing the new likelihood gives an estimate of 6 that combines the
information of the available samples.

This option is not always pursuable, either for intrinsic complexity of the
problem, or because the full original samples are not available, and only the final
results are known, as in the case of combining results available from different
publications.

In the case of Gaussian approximation, as assumed in Sect. 5.10.1, we can use the
minimum y? method to perform a combination of measurements having different
uncertainties, as seen in the following sections.
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5.11.1 Weighted Average

Imagine we have two measurements of the same quantity x, which are x; & 07 and
Xxp £ 0,. Assuming a Gaussian distribution for x; and x, and no correlation between
the two measurements, we can build a y? as:

)2 )2
2 _ (x ;Cl) 4 (x ;2) ‘ (5.79)
1 03

We can find the value x = % that minimizes the y? by imposing:

ax? X — X —
0= 073 G n) (5.80)
ox o 05
which gives:
I= ; (5.81)
2t
1 2
The variance of the estimate X can be computed using Eq. (5.20):
1 ?InL  10%y? 1 1
_zz__z__X -5+ (5.82)
03 0x? 202 o} o

Equation (5.81) is called weighted average, and can be generalized for n measure-
ments as:

" WiXi
i = _%; , (5.83)
i=1 Wi

where w; = 1/ aiz, and in general:

(5.84)



108 5 Parameter Estimate

5.11.2 x*in n Dimensions

The y? definition from Eq. (5.79) can be generalized in the case of n measurements
X = (x1,++-,x,) of the parameter i = (w1, , in), Where u; = w;(01,-+-, 0p)

and the correlation matrix of the measurements (xy, - , x,) is 0y, as follows:
= =)oy g — ) = GE—)'eT G- i) (5.85)
ij=1
011 *** Oln - X1 — M1
Z(XI_Mlv"'vxn_Mn) . (586)
Ontl *°° Opn Xn = Mn

The 2 can be minimized in order to have the best-fit estimate of the unknown
parameters 6,--- ,8,. Numerical algorithms are needed for the general case,
analytical minimizations are as usual possible only in the simplest cases.

5.11.3 The Best Linear Unbiased Estimator

Let’s consider the case of two measurements of the same quantity x: x = x; &+ o)
and x = x; £ 0», which have a correlation coefficient p. In this case, the Xz can be
written as:

2
)(ZZ(x—xlx—xz)( i '001202) (x—xl)' (5.87)

pO102 O X=X
Following the same procedure used to obtain Eq. (5.81), we can easily obtain:

_ x1(02 — p0102) + x2(0% — po102) (5.88)
012—2p0102+022 ’ .

=>

with the following estimate for the variance:

2.2 2
005 (1 —p7)
of =12 . (5.89)
1 p0102 + 05

In the general case of more than two measurement, the minimization of the

%% is equivalent to finding the best linear unbiased estimate (BLUE), i.e.: the

unbiased linear combination of the measurements X = (xi,--- ,x,) whose weights



5.11 Combining Measurements 109

w = (wy,-++,w,) give the lowest variance. If we assume:

)?:Zwixizfc-fv, (5.90)

the condition of a null bias implies that:
dowi=1. (5.91)

The variance can be expressed as:

4 S}

=wlow, (5.92)

2

where oy is the covariance matrix of the n measurements. It can be shown [11] that
the weights can be determined according to the following expression:
o lu

where u is the vector having all elements equal to the unity: u = (1,---,1).
The interpretation of Eq. (5.88) becomes more intuitive [12] if we introduce the
common error, defined as:

Oc = p0O107 . (5.94)

Imagine, for instance, that the two measurements are affected by a common
uncertainty, like the knowledge of the integrated luminosity in the case of a cross
section measurement, while the other uncertainties are uncorrelated. In that case, we
could write the two measurements as:

X =X :i:O'l/ :i:O'C (595)
X =X + O'é + oc (596)

where 02 = 07 — 02 and 05> = 07 — 0. Equation (5.88) becomes:

X1 X2
-0, + 02 — o2
C ) —0¢

1 1
2t
0y —0¢c 03 —0¢

(5.97)
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with a variance:

07 = — — + 0. (5.98)
2 2 + 2 2
0y —0c 03 —0Oc

Equation (5.97) is equivalent to the weighted average from Eq.(5.81), where the
errors a{z and créz are used. Equation (5.98) shows that the additional term o¢ has to
be added in quadrature to the usual error in the case of no correlation.

In general, as can be seen from Eq.(5.88), weights with the BLUE method
can become negative. This leads to the counter-intuitive result that the combined
measurement lies outside the range delimited by the two central values. Also, in
the case when p = 01/0,, the weight of the first measurement is zero, hence the
combined central value is not influenced by x,. Conversely, if p = 0, /07, the central
value is not influenced bye x;.

'd N\
Example 5.19 — Reusing Multiple Times the Same Measurement Doesn’t

Improve a Combination

Assume to have a single measurement, x = o, and we want to use it twice
to determine again the same quantity. Without considering the correlation
coefficient p = 1, one would expect to reduce the uncertainty o “for free”
by a factor /2, which is clearly a wrong answer.

The correct use of Egs. (5.88) and (5.89) lead, in the limit when p = 1,
to X = x =% o, i.e.: as expected, no precision is gained by using the same
measurement twice.

5.11.3.1 [Iterative Application of the BLUE Method

The BLUE method is unbiased by construction assuming that the true uncertainties
and their correlations are known. Anyway, it can be proven that BLUE combinations
may exhibit a bias if uncertainty estimates are used in place of the true ones, and
in particular if the uncertainty estimates depend on measured values. For instance,
when contributions to the total uncertainty are known as relative uncertainties, the
actual uncertainty estimates are obtained as the product of the relative uncertainties
times the measured central values. An iterative application of the BLUE method can
be implemented in order to mitigate such a bias.

L. Lyons et al. remarked in [13] the limitation of the application of the BLUE
method in the combination of lifetime measurements where uncertainty estimates
6; of the true unknown uncertainties o; were used, and those estimates had a
dependency on the measured lifetime.
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They also demonstrated that the application of the BLUE method violates, in that
case, the “combination principle”: if the set of measurements is split into a number
of subsets, then the combination is first performed in each subset and finally all
subset combinations are combined into a single combination, this result differs from
the combination of all individual results of the entire set.

L. Lyons et al. recommended to apply iteratively the BLUE method, rescaling
at each iteration the uncertainty estimates according to the central value obtained
with the BLUE method in the previous iteration, until the sequence converges to
a stable result. Lyons et al. showed that the bias of the BLUE estimate is reduced
compared to the standard application of the BLUE method. A more extensive study
of the iterative application of the BLUE method is also available in [14].
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Chapter 6
Confidence Intervals

6.1 Neyman’s Confidence Intervals

Section 5.6 presented approximate methods to determine uncertainties of maximum-
likelihood estimates. Basically either the negative log-likelihood function was
approximated to a parabola at the minimum, corresponding to a Gaussian PDF
approximation, or the excursion of the negative log-likelihood around the minimum
was considered to possibly give asymmetric uncertainties. None of those methods
guarantees an exact coverage of the uncertainty intervals. In many cases the
provided level of approximation is sufficient, but this may not always be the cases,
in particular for measurements with a small number of events or PDF models that
exhibit significant deviation from the Gaussian approximation.

A more rigorous and general treatment of confidence intervals under the
frequentist approach is due to Neyman [ 1], which will be discussed in the following
in the simplest case of a single parameter.

Let’s consider a variable x distributed according to a PDF which depends on an
unknown parameter 8. We have in mind that x could be the value of the estimator of
the parameter 6. Neyman’s procedure to determine confidence intervals proceeds in
two steps:

1. the construction of a confidence belt;
2. its inversion to determine the confidence interval.

6.1.1 Construction of the Confidence Belt

As first step, the confidence belt is determined by scanning the parameter space,
varying 6 within its allowed range. For each fixed value of the parameter 6 = 6,
the corresponding PDF which describes the distribution of x, f(x|6y), is known.
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O froees ‘

Y Y .

x(6)  x(6) X Xo X

Fig. 6.1 Graphical illustration of Neyman’s belt construction (left) and inversion (right)

According to the PDF f(x|6y), an interval [x;(6o),x2(6)] is determined whose
corresponding probability is equal to the specified confidence level, defined as CL=
1 — «, usually equal to 68.27 % (10), 90 or 95 %:

x2(60)
l—a:/ f(x]60) dx. 6.1)

1(6o)

Neyman’s construction of the confidence belt is graphically illustrated in Fig. 6.1,
left.

The choice of x;(6y) and x,(6y) has still some arbitrariness, since there are
different possible intervals having the same probability, according to the condition
in Eq. (6.1). The choice of the interval is referred to in literature as ordering rule.

For instance, one can chose an interval centered around the average value of x
corresponding to 8 (denoted as (x) |g, below), i.e.: an interval:

[x1(60), x2(60)] = [{x) |a, — &, {x) |ay + 6], (6.2)

where § is determined in order to ensure the coverage condition in Eq. (6.1).
Alternatively, one can chose the interval with equal areas of the PDF “tails” at
the two extreme sides, i.e.: such that:

x1(90) o +o0
/ f(x]60)dx = 3 and

—0o0

o
f(x]60)dx = 5 (6.3)
x2(6o)

Other possibilities consist of choosing the interval having the smallest size,
or fully asymmetric intervals on either side: [x;(6p), +00] or [—00, x2(6p)]. Other
possibilities are also considered in literature. Figure 6.2 shows three of the possible
cases described above.

A special ordering rule was introduced by Feldman and Cousins based on a
likelihood-ratio criterion and will be discussed in Sect. 6.4.
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Fig. 6.2 Three possible choices of ordering rule: central interval (fop) and fully asymmetric
intervals (bottom left, right)

Given a choice of the ordering rule, the intervals [x;(6),x,(6)], for all possible
values of 6, define the Neyman belt in the space (x, 8) as shown in Fig.6.1.

6.1.2 Inversion of the Confidence Belt

As second step of the Neyman procedure, given a measurement x = xp, the
confidence interval for 6 is determined by inverting the Neyman belt (Fig. 6.1, right):
two extreme values 6 (xo) and 6,(xg) are determined as the intersections of the
vertical line at x = x( with the two boundary curves of the belt.

The interval [0, (x0), 62 (x0)] has, by construction, a coverage equal to the desired
confidence level, 1 —«. This means that, if 6 is equal to the true value 6""°, extracting
x = xo randomly according to the PDF f(x|6'"¢), 6™ will be included in the
determined confidence interval [0 (xo), 62(x)] in a fraction 1 —« of the cases, in the
limit of a large number of extractions.
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6.2 Binomial Intervals
In Sect. 1.11.1 the binomial distribution (Eq. (1.35)) was introduced:

!
P(n:N) = mp”(l —p)V " (6.4)

Given an extraction of n, n = n, the parameter p can be estimated as:

5= 2 (6.5)
P=x- .

An approximate estimate of the uncertainty on p is often obtained by replacing p
with its estimate p in the expression for the variance from Eq. (1.37):

T
p ~ ,/’%. (6.6)

This may be justified by the law of large numbers because for n — oo p and p will
coincide. This is clearly not the case in general for finite values of n, and Eq. (6.6)
clearly gives a null error in case either n = O orn = N, i.e. forp = 0 or 1,
respectively.

A general solution to this problem is due to Clopper and Pearson [2], and consists
of finding the interval [py, py] that gives (at least) the correct coverage.

If the confidence level is 1 — «, we can find p; such that:

N

. n! " .o
P(”Z”|N5Pl) = Zm[)l(l—pl)l\/ = E, (67)
and p; such that:
. d n! ; S
P(n <n|N,p,) = Z mpz(l —pz)N = E . (6.8)
= N! !

This corresponds, in a discrete case, to the Neyman inversion described in Sect. 6.1.

The presence of a discrete observable quantity, # in this case, does not allow
a continuous variation of the observable and the probability associated to possible
discrete intervals [n1 (pg), n2(po)], corresponding to an assumed parameter value p =
Do, can have again discrete possible values. In the Neyman’s construction, one has
to chose the smallest interval [ny, n,], consistently with the adopted ordering rule,
that has at least the desired coverage. In this way, the confidence interval [py, p;]
determined by the inversion procedure for the parameter p could overcover, i.e.:
may have a corresponding probability larger than the desired 1 — «. In this sense,
the interval is said to be conservative.
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Another case of a discrete application of the Neyman belt inversion in a
Poissonian problem can be found in Sect. 8.6.

( N
Example 6.20 — Application of the Clopper-Pearson Method

As exercise, we compute the 90 % CL interval in case of a measurementin = N
with the Clopper—Pearson method.

We need to determine the values p; and p, such that Eqgs. (6.7) and (6.8)
hold. In this case, those give, considering that « = 0.10:

N!
P(n > N|N,p) = Wpllv(l —p1)’ =p) =005,

P(n <N|N,py) =1.

So, for p, we should consider the largest allowed value p, = 1.0, since the
probability P(n < 10|10, p,) is always equal to one. The first equation can be
inverted and gives:

p1 = exp[In(0.05)/N].

For instance, for N = 10 we have p; = 0.741, and the confidence interval is
[0.74,1.00], which has not a null size, as would have been the case using the
approximated expression in Eq. (6.6).

Symmetrically, the Clopper—Pearson evaluation of the confidence interval
for n = 0 gives [0.00, 0.26] in the case N = 10.

6.3 The “Flip-Flopping” Problem

In order to determine confidence intervals, a consistent choice of the ordering rule
has to be adopted. Feldman and Cousins demonstrated [3] that the ordering rule
choice must not depend on the outcome of our measurement, otherwise the quoted
confidence interval or upper limit could not correspond to the correct confidence
level (i.e.: do not respect the coverage).

In some cases, experiments searching for a rare signal decide to quote their final
result in different possible ways, switching from a central interval to an upper limit,
depending on the outcome of the measurement. A typical choice is to:

e quote an upper limit if the measured signal yield is not larger than at least three
times its uncertainty;

* quote instead the central value with its uncertainty if the measured signal exceeds
three times its uncertainty.
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This “30” significance criterion will be discussed in more details later, see
Sect. 8.2 for a more general definition of significance level.

This problem is sometimes referred to in literature as flip-flopping, and can be
illustrated in a simple example [3]. Imagine a model where a random variable x
obeys a Gaussian distribution with a fixed and known standard deviation o, for
simplicity we can take ¢ = 1, and an unknown average p which is bound to
be greater or equal to zero. This is the case of a signal yield, or cross section
measurement.

The quoted central value must always be greater than or equal to zero, given the
assumed constraint. Imagine we decide to quote, as measured value for p, zero if
the significance, defined as x/o, is less than 30, otherwise we quote the measured
value x:

_ {x if x/o >3 6.9)

0 ifx/o <3’

As confidence interval, given the measurement of x, we could decide to quote
a central value if x/o > 3 with a symmetric error: +o at the 68.27% CL, or
+1.6450 at 90% CL, and instead, we may quote an upper limit x"?, i.e.: the
confidence interval [0,x"P], if x/o < 3. The upper limit on u corresponds to
Hn < x'P = x4 1.282 at 90 % CL, given the corresponding area under a Gaussian
PDFE.

In summary, the quoted confidence interval at 90 % CL is:

[x—1.645,x 4+ 1.645] if x/o > 3
, = . , 6.10
[re1. 2] {mx+Lmﬂ if x/o <3 (6.10)
The situation is shown in Fig. 6.3.
f(x)l 90%
5%, 5%
90%
10% X
— w=x=1.645
x
w<x+1.282

3 X

Fig. 6.3 Illustration of the flip-flopping problem. The plot shows the quoted central value of p as
a function of the measured x (dashed line), and the 90 % confidence interval corresponding to a
choice to quote a central interval for x/o > 3 and an upper limit for x/o < 3
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The choice to switch from a central interval to a fully asymmetric interval (upper
limit) based on the observation of x produces an incorrect coverage: looking at
Fig. 6.3, depending on the value of u, the interval [x,x;] obtained by crossing
the confidence belt by an horizontal line, one may have cases where the coverage
decreases from 90 to 85 %, which is lower than the desired CL (purple line in
Fig.6.3). Next Sect. 6.4, presents the method due to Feldman and Cousins to
preserve consistently the coverage for this example without incurring the flip-
flopping problem.

6.4 The Unified Feldman-Cousins Approach

In order to avoid the flip-flopping problem and to ensure the correct coverage, the
ordering rule proposed by Feldman and Cousins [3] provides a Neyman confidence
belt, as defined in Sect. 6.1, that smoothly changes from a central or quasi-central
interval to an upper limit in the case of low observed signal yield.

The ordering rule is based on the likelihood ratio that will be further discussed
in Sect.7.3: given a value 6y of the unknown parameter 6, the chosen interval of
the variable x used for the Neyman-belt construction is defined by the ratio of two
PDFs of x, one under the hypothesis that 6 is equal to the considered fixed value 6,
the other under the hypothesis that 6 is equal to the maximum-likelihood estimate
value Opest(x) corresponding to the given measurement x. The likelihood ratio must
be greater than a constant k, whose value depends on the chosen confidence level
1 — a. In a formula:

Al = L 6.11)

J (x| Obest (%))

The constant k, should be taken such that the integral of the PDF evaluated in the
range corresponding to A(x|6y) > k, is equal to 1 —«.. Hence, the confidence interval
R, for a given value 6 = 6 is given by:

Ro(00) = {x: A(x[60) > ka} . (6.12)

and the constant k, must be chosen in such a way that:
/ f(&x|6p)dx=1—0. (6.13)
Ru

This case is illustrated in Fig. 6.4.

Feldman and Cousins computed the confidence interval for the simple Gaussian
case discussed in Sect. 6.3. The value for ;t = fpest(x) that maximizes the likelihood
function, given x and under the constraint & > 0, is:

Mpest(x) = max(x, 0) . (6.14)
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Fig. 6.4 Ordering rule in the

A A
Feldman—Cousins approach,  f{x|6) £x[6p)
based on the likelihood ratio EE——
A(x|6o) = SX|B o))

f(xl 90)/f(x|0besl(x))

The PDF for x using the maximum-likelihood estimate for ;. becomes:

1 .
— ifx>0
F@lnes) = { VF* o (6.15)
NeZd
The likelihood ratio in Eq. (6.11) can be written in this case as:
Sxlp) exp(—(x — p)2/2if x> 0
Axlp) = o = e (6.16)
(i) S (x| pvest(x)) {eXp(x,u —pu?/2) ifx<0

The interval [x; (i), x2(1o)], for a given & = o, can be found numerically using
the equation A(x|u) > k, and imposing the desired confidence level 1 — o from
Eq. (6.13).

The results are shown in Fig. 6.5, and can be compared with Fig.6.3. Using
the Feldman—Cousins approach, for large values of x one gets the usual symmetric
confidence interval. As x moves towards lower values, the interval becomes more
and more asymmetric, and at some point it becomes fully asymmetric (i.e.: [0, u"P]),
determining an upper limit ©"P. For negative values of x the result is always an upper
limit avoiding unphysical values with negative values of w. As seen, this approach
smoothly changes from a central interval to an upper limit, yet ensuring the correct
required (90 % in this case) coverage.

More cases treated using the Feldman—Cousins approach will be presented in
Chap. 8.

The application of the Feldman—Cousins method requires, in most of the cases,
numerical treatment, even for simple PDF models, like the Gaussian case discussed
above, because it requires the inversion of the integral in Eq. (6.13). The procedure
requires to scan the parameter space, and in case of complex model may be very
CPU intensive. For this reason, other methods are often preferred to the Feldman—
Cousins for such complex cases.
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Fig. 6.5 Neyman confidence belt constructed using the Feldman—Cousins ordering
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Chapter 7
Hypothesis Tests

7.1 Introduction to Hypothesis Tests

A key task in most of physics measurements is to discriminate between two or more
hypotheses on the basis of the observed experimental data.

A typical example in physics is the identification of a particle type (e.g.: as a
muon vs pion) on the basis of the measurement of a number of discriminating
variables provided by a particle-identification detector (e.g.: the depth of penetration
in an iron absorber, the energy release in scintillator crystals or measurements from
a Cherenkov detector, etc.).

Another example is to determine whether a sample of events is composed of
background only or it contains a mixture of background plus signal events. This
may allows to ascertain the presence of a new signal, which may lead to a discovery.

This problem in statistics is known as hypothesis test, and methods have been
developed to assign an observation, which consists of the measurements of specific
discriminating variables, to one of two or more hypothetical models, considering
the predicted probability distributions of the observed quantities under the different
possible assumptions.

In statistical literature when two hypotheses are present, these are called null
hypothesis, Hy, and alternative hypothesis, H,.

Assume that the observed data sample consists of the measurement of a number
n of variables, X = (x1, - -+ ,x,) randomly distributed according to some probability
density function, which is in general different under the hypotheses Hy and H;. A
measurement of whether the observed data sample better agrees with Hy or rather
with H can be given by the value of a function of the measured sample X, t = #(X),
called test statistic, whose PDF under the considered hypotheses can be derived
from the (joint) PDF of the observable quantities X.
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Fig. 7.1 Probability distribution functions for a discriminating variable #(x) = x which has two
different PDFs for the signal (red) and background (yellow) hypotheses under test

One simple example is to use a single variable x which has discriminating power
between two hypotheses, say signal = “muon” versus background = “pion”, as
shown in Fig.7.1. A good “separation” of the two cases can be achieved if the
PDFs of x under the hypotheses H; = signal and Hy = background are appreciably
different.

On the basis of the observed value X of the discriminating variable x, a simple
test statistics can be defined as the measured value itself:

P=1(3) = %. (7.1)

A selection requirement (in physics jargon sometimes called cut) can be defined
by identifying a particle as a muon if 7 < 1., or as a pion if 7 > t.,;, where the value
t.u 1s chosen a priori.

Not all real muons will be correctly identified as a muon according to this
criterion, as well as not all real pions will be correctly identified as pions. The
expected fraction of selected signal particles (muons) is usually called signal
selection efficiency and the expected fraction of selected background particles
(pions) is called misidentification probability.

Misidentified particles constitute a background to positively identified signal
particles. Applying the required selection (cut), in this case t < f, on a data
sample made of different detected particles, each providing a measurements of
x, the selected data sample will be enriched of signal, reducing the fraction of
background in the selected data sample with respect to the original unselected
sample. The sample will be actually enriched if the selection efficiency is larger
than the misidentification probability, which is the case considering the shapes of
the PDFs in Fig. 7.1 and the chosen selection cut.
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signal efficiency

mis-id probability

Fig. 7.2 Signal efficiency versus background misidentification probability

Statistical literature defines the significance level o as the probability to reject the
hypothesis H; if it is true. The case of rejecting H; if true is called error of the first
kind. In our example, this means selecting a particle as a pion in case it is a muon.
Hence the selection efficiency for the signal corresponds to 1 — a.

The probability B to reject the hypothesis Hy if it is true (error of the second
kind) is the misidentification probability, i.e.: the probability to incorrectly identify
a pion as a muon, in our case.

Varying the value of the selection cut #.,, different values of selection efficiency
and misidentification probability (and the corresponding values of « and ) are
determined. A typical curve representing the signal efficiency versus the misidentifi-
cation probability obtained by varying the selection requirement is shown in Fig. 7.2.
A good selection should have a low misidentification probability corresponding to a
high selection efficiency. But clearly the background rejection can’t be perfect (i.e.:
the misidentification probability can’t drop to zero) if the distributions f(x|Hy) and
f(x|H}) overlap, as in Fig.7.2.

More complex examples of cut-based selections involve multiple variables,
where selection requirements in multiple dimensions can be defined as regions in the
discriminating variables space. Events are accepted as “signal” or as “background”
if they fall inside or outside the selection region. Finding an optimal selection in
multiple dimensions is usually not a trivial task. Two simple examples of selections
with very different performances in terms of efficiency and misidentification
probability are shown on Fig. 7.3.
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-10 6 8 10 0 & 6 4 2 0 2 4 6 8 10

Fig. 7.3 Examples of two-dimensional selections of a signal (blue dots) against a background (red
dots). A linear cut is chosen on the left plot, while a box cut is chosen on the right plot

7.2 Fisher’s Linear Discriminant

A discriminator in more dimensions that uses a linear combination of # discriminat-
ing variables is due to Fisher [1]. The method aims at finding an hyperplane in the
n-dimensional space which gives the best expected separation between two random
variables sets whose PDFs in the multivariate space are known.

The criterion consists of maximizing the distance of the means of the two
PDFs when projected on the axis perpendicular to the selection hyperplane, while
minimizing the variance within each class, defined below. More quantitatively, given
a direction vector w, if we project the two samples along the direction W, being
11 and pu, the averages and o) and o, the standard deviations of the two PDF
projections, the Fisher discriminant is defined as:

- (11 — [12)?
JWw) = ————. 7.2
(w) 7 F o? (7.2)
The numerator of Eq. (7.2) can be written as:
p1 — o = wh(my — ), (7.3)

where m; and ni, are the averages in n dimensions of the two PDFs. Moreover, we
can write the square of Eq. (7.3) as:

(1 — p2)* = Wl (g — mip) (g — mio)'w = W' Spw, (7.4)



7.2 Fisher’s Linear Discriminant 127

where we have defined the between classes scatter matrix Sg as:
- - . > \T
Sp = (my —my)(my —my)" . (71.5)
The projections of the two n X n covariance matrices S; and S, give:

ol =w'Siw, (7.6)

03 =W S, (7.7)
from which the denominator of Eq. (7.2) becomes:
o + 07 =W (S1 + S2)w = w Sww, (7.8)
where we have defined the within classes scatter matrix Sy as:
Sw=81+892. (7.9)
The Fisher’s discriminant from Eq. (7.2) can be rewritten as:

W —mp))* W Spw

T = TS T sw  wiSwi 710

The problem of finding the vector w that maximizes J(w) can be solved by
performing the derivatives of J(w) with respect to the components w; of w. It
can also be demonstrated that the problem is equivalent to solve the eigenvalues
equation:

Spw = ASww, (7.11)
ie.:
Sw'Spw = Aw, (7.12)
which leads to the solution:
w=Sw 'S, —ny). (7.13)

A practical way to find the Fisher’s discriminant is to provide two training
samples that approximate the two PDFs by generating with a Monte Carlo technique
(see Chap.4) a very large number of random extractions of the n discriminating
variables for each of the two PDFs. The averages and covariance matrices can be
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determined from the Monte Carlo samples and Eq. (7.13) can be applied numerically
to find the direction w that maximizes Fisher’s discriminant.

7.3 The Neyman—-Pearson Lemma

The performance of a selection criterion can be considered optimal if it achieves the
smallest misidentification probability for a desired value of the selection efficiency.

A test statistic that ensures the optimal performance in this sense is provided
by the Neyman—Pearson lemma [2]. According to this lemma, such test statistic
is defined as the ratio of the likelihood functions evaluated for the observed data
sample X under the two hypotheses H, and Hy:

_ LGH))

MO = TRy

(7.14)

For a fixed signal efficiency &€ = 1 — « the selection that corresponds to the lowest
possible misidentification probability § is given by:

_ LGIHY) _

MO = TRy =

(7.15)

where the value of the “cut” k, should be set in order to achieve the required value
of «. This corresponds to chose a point in the curve shown in Fig.7.2 such that
& = 1 — a corresponds to a required value.

If the multidimensional PDFs that characterize our discrimination problem are
known, the Neyman—Pearson lemma provides a procedure to implement a selection
that achieves the optimal performances.

In many realistic cases it is not easy to determine the correct model for the
multidimensional PDFs, and approximated solutions may be adopted. Numerical
methods and algorithms exist to find selections in the variable space that have
performances in terms of efficiency and misidentification probability close to the
optimal limit given by the Neyman—Pearson lemma. Some of those algorithms
achieve great complexity.

Among such methods some of the most frequently used ones in High Energy
Physics are Artificial Neural Networks and Boosted Decision Trees, which are
covered in this text. An introduction to Artificial Neural Network can be found in
[3], while an introduction to Boosted Decision Trees is available in [4].
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7.4 Likelihood Ratio Discriminant

If the n variables xi,---,x, that characterize our problem are independent, the
likelihood function can be factorized into the product of one-dimensional marginal
PDFs:

L xlH)  Tl=fiGglHD

A' x . DY ’xn - e m .
i ) L(xy, -+ xlHo) [Tz fj(xilHo)

(7.16)

This allows in many cases to simplify the computation of the likelihood ratio and to
easily obtain the optimal selection according to the Neyman—Pearson lemma.

Even if it is not possible to factorize the PDFs into the product of one-
dimensional marginal PDFs, i.e.: the variables are not independent, the test statistic
inspired by Eq. (7.16) can be used as discriminant using the marginal PDFs f; for the
individual variables:

[Ti= 1 il Hy)

A oxy) = =T
() = [ Gl

(7.17)

In case the PDFs cannot be exactly factorized, anyway, the test statistic defined
in Eq.(7.17) will differ from the exact likelihood ratio in Eq.(7.14) and hence it
will correspond to worse performances in term of « and 8 compared with the best
possible values provided by the Neyman—Pearson lemma.

In some cases, anyway, the simplicity of this method can justify its application in
spite of the suboptimal performances. Indeed, the marginal PDFs f; can be simply
obtained using Monte Carlo training samples with a large number of entries that
allow to produce histograms corresponding to the distribution of the individual
variables x; that, to a good approximation, reproduce the marginal PDFs.

Some numerical applications implement this factorized likelihood-ratio tech-
nique after applying proper variable transformation in order to reduce or eliminate
the variables’ correlation. This mitigates the decrease of performance compared
with the Neyman—Pearson limit, but does not necessarily allow to reach the optimal
performances, because uncorrelated variables are not necessarily independent (see
for instance the Example 2.6).

7.5 Kolmogorov—Smirnov Test

A test due to Kolmogorov [5], Smirnov [6] and Chakravarti [7] can be used to assess
the hypothesis that a data sample is compatible with a given distribution.

Assume to have a sample xi,--- , x,,, ordered by increasing values of x that we
want to compare with a distribution f(x), which is assumed to be a continuous
function.
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The discrete cumulative distribution of the sample can be defined as:
R = 13 00 x) (118
() =~ 2 X—Xi), .

where the function 6 is defined as:

lifx>0

0ifx <0 ° (7.19)

0(x) = {

The distribution F,(x) can be compared to the cumulative distribution of f(x)
defined as (Eq.2.13):

F(x) = / f&)dx'. (7.20)
—00
The maximum distance between the two cumulative distributions F,(x) and F(x)
is used to quantify the agreement of the data sample xi, - - - , x,, with f(x):
D, = sup |F(x) — F(x)| . (7.21)

The definition of F,,(x), F(x) and D, is visualized in Fig. 7.4.
For large n, D, converges to zero in probability. The distribution of the test
statistic K = 4/nD,, if the null hypothesis (the sample xj,--- ,x, is distributed

v =V

Xy X, Xy

Fig. 7.4 Graphical representation of the Kolmogorov—Smirnov test
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according to f(x)) is true, does not depend on the distribution f(x), and the
probability that K is smaller or equal to a given value k is given by Marsaglia et al.

[8]:

o0 o0
. . V2 _@i—1%a?
Plk=k)=1-2) (-1~ 'e™ = 2 3 we (7.22)

i=1 i=1

It’s important to notice that Kolmogorov—Smirnov is a non-parametric test, i.e.: if
some parameters of the distribution f(x) are determined by the sample x,--- ,x,
than the test cannot be applied.

A pragmatic solution to this problem in case parameters of f(x) have been
estimated from the sample xi, - - - , x,, is to still use the test statistic k, but not to rely
on Eq. (7.22) and determine the distribution of k for the specific problem empirically
by using a toy Monte Carlo generation. This is implemented, for instance, as
optional method in the package root [9].

The Kolmogorov—Smirnov test can also be used to compare two samples, say
X1, ,X, and yj, -+, Y, and asses the hypothesis that both come from the same
distribution. In this case, the maximum distance:

Dy = sup |[Fp(x) — Fiu(y)| (7.23)

asymptotically converges to zero as n and m are sufficiently large, and the following
test statistic asymptotically follows a Kolmogorov distribution in Eq. (7.22):

nm

D . (7.24)

n—+m

Alternative tests to Kolmogorov—Smirnov are due to Stephens [10], Anderson
and Darling [11], Cramér [12] and von Mises [13].

7.6 Wilks’ Theorem

When a large number of measurements is available, Wilks’ theorem allows to find
an approximate asymptotic expression for a test statistic based on a likelihood ratio
inspired by the Neyman—Pearson lemma (Eq.7.14).

Let’s assume that two hypotheses H; and Hy can be defined in terms of a set of
parameters 6= (61, , 6,) that appear in the definition of the likelihood function:
the condition that H; is true can be expressed as é € 01, while the condition that Hy
is true is equivalent to 6 e ®y. Let’s also assume that ®y C O (nested hypotheses).
Wilks’ theorem [14] ensures, assuming some regularity conditions of the likelihood
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function, that the quantity:

SUPG e, ML, LG 6)

x> =—2In (7.25)
SUPG e, ]_[l y L(xi; 9)
corresponding to the observed data sample (X1, --- ,Xy), has a distribution that can

be approximated for N — oo, if Hy is true, with a y? distribution having a number
of degrees of freedom equal to the difference between the dimensionality of the set
® and the dimensionality of the set ®.

As a more specific example, let’s assume that we separate the parameter set
into one parameter of interest i and the remaining parameters, which are taken
as nuisance parameters (see Sect.5.2), é = (64,---,6,). For instance, ;t may be
the ratio of signal cross section to it’s theoretical value (signal strength), and u = 1
corresponds to a signal cross section equal to the theory prediction.

If we take as Hj the hypothesis u = (o, while H; is the hypothesis that © may
have any possible value greater or equal to zero, Wilks’ theorem ensures that:

sup; [Ti; L(Gi: tto- 6)

oLl (7.26)
sup , 5 [Tizy LG 1. 6)

Xz (o) = —21

is asymptotically distributed as a y? with k degrees of freedom.
The denominator, sup,, 5 ]_[fv=1 L(x;; 1, 0), is the likelihood evaluated at the

3

maximum-likelihood point, i.e.: at the value of the parameters u = [ and 6 =0
that maximize the likelihood function:

l—[ LG i 5

In the numerator, only the nuisance parameters 6 are fit and u is fixed to the
constant value ;t = . If the values of 6 that maximize the likelihood function for

afixed u = po are 6 = é(uo), then Eq. (7.26) can be written as:
L. 6(10)
o) = LI (7.27)
L(x|f,0)

This test statistic is called in literature profile likelihood and will be used later in
Sect. 8.12 to determine upper limits.
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7.7 Likelihood Ratio in the Search for a New Signal

In the previous section we considered the following likelihood function for a set of
observations (X1, - - - , Xy) with a set of parameters 6:

N
LGy, 5wi 0) = [ [ £Gi ). (7.28)

Two hypotheses H; and Hj are represented as two possible sets of values ®; and
®y of the parameters 6 = (64, , 6, that characterize the PDFs.

Usually we want to use the number of events N as information in the likelihood
definition, hence we use the extended likelihood function (see Sect. 5.5.2) multiply-
ing Eq. (7.28) by a Poissonian factor corresponding to the probability to observe a
number of events N:

N —v(0) N
LG i) = O Hf(x,,m (729

In the Poissonian term the expected number of event v may also depend on
the parameters 6: v = v(é). Typically, we want to discriminate between two
hypotheses, which are the presence of only background events in our sample, i.e.:
v = b, against the presence of both signal and background, i.e.: v = us + b.
Here we have introduced the multiplier u, called signal strength, assuming that the
expected signal yield from theory is s and we consider all possible values of the
expected signal yield, given by ws, by varying u while keeping s constant at the
value predicted from theory. The signal strength p is widely used in data analyses
performed at the Large Hadron Collider.

The hypothesis Hy corresponding to the presence of background only is equiva-
lent to © = 0, while the hypothesis H; corresponding to the presence of signal plus
background allows any non-null positive value of u.

The PDF f(X;; é) can be written as superposition of two components, one PDF
for the signal and another for the background, weighted by the expected signal and
background fractions, respectively:

G 0) +

N b =5
f(x:0) = Yy +bfb(x, 0). (7.30)

In this case the extended likelihood function from Eq. (7.29) becomes:

o—(us@)+b(@) N

i (nshiGi:0) + b 6)) . (7.3D)

Loy p Xy, - Xy, 0) =

i=1
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Note that also s an b may depend on the unknown parameters 6:

s =s(6), (7.32)
b =b(0). (7.33)

For instance in a search for the Higgs boson the theoretical cross section may depend
on the Higgs boson’s mass, as well as the PDF for the signal f;, which represents a
peak centered around the Higgs boson’s mass.

Under the hypothesis Hy, i.e.: & = 0 (background only), the likelihood function
can be written as:

_ R (O
LG i 6) = = [ (0 6)) - (7.34)

i=1

The term 1/N! disappears when performing the likelihood ratio in Eq. (7.14), which
becomes:

Lotp(X1, -+, Xns 0, 6)

B
Ly(Xy,-- ,xn:0)

OO T pusf, G 6) + by (5 6)

= = — (7.35)
et® bfi(xi; 0)
_ _m(e) l—[ (Msfs (xi; 9) )
bfi (%i; 9)
Moving to the negative logarithm of the likelihood function, we have:
s 1y 6
A, 0) = us() — Zl (“sf(x ) 4 ) . (1.36)
i=1 bfb(xlﬁe)

In the case of a simple event counting, where the likelihood function only
accounts for the Poissonian probability term, assuming that the expected signal and
background yields depend on the unknown parameters 5, the likelihood function
only depends on the number of observed event N, and the likelihood ratio which
defines the test statistic is:

A(6) = M (7.37)

Ly(N; 0)
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where L4, and L, are Poissonian probabilities for N corresponding to expected
average of s + b and b respectively. More explicitly A(6) can be written as:

. R N S\N
o~ (us(6)+b(6)) (,us(e) + b(9)) N!

A(6) = i vl
b (6) (7.38)
_ e_’”(é) ws(0) +1
b(0)
Moving to the negative logarithm the above expression becomes:
—na@) = ps@) — N [ 9 ) (7.39)
b(0)

which is a simplified version of Eq.(7.36) where the terms f; and f, have been
dropped.

These results will be used to determine upper limits to s in the search for a new
signal, as will be seen in Chap. 8. In particular, this derivation will be very useful
for the determination of the upper limits using the modified frequentist approach, or
CL,, as discussed in Sect. 8.10.
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Chapter 8
Upper Limits

8.1 Searches for New Phenomena: Discovery and Upper
Limits

The goal of many experiments is to search for new physics phenomena. If an
experiment provides a convincing measurement of a new signal, the result should
be published claiming a discovery. If the outcome is not sufficiently convincing, the
publication can anyway quote an upper limit to the “intensity” of the new signal,
which usually allow to exclude parameter sets of a new theory.

In order to give a quantitative measure of how “convincing” the result of an
experiment is, there are different possible approached. Using Bayesian statistics
(Chap.3), the posterior probability, given the experiment’s measurement and a
subjective prior, can quantify the degree of belief that the new signal hypothesis
is true. In particular, when comparing two hypotheses, in this case the presence or
absence of signal, the Bayes factor (see Sect. 3.5) can be used to quantify how strong
the evidence for a new signal is against the background-only hypothesis.

With the frequentist approach, prior probabilities, that introduce a degree of
subjectiveness, are not allowed, and the achieved significance level, defined quanti-
tatively below in Sect. 8.2, is used to claim a discovery. The significance measures
the probability that, in case of presence of background only, a statistical fluctuation
in data might have produced by chance the observed features that are interpreted as
a new signal.

As in other cases analyzed above, anyway, the interpretation of a discovery in the
Bayesian and frequentist approaches are very different, as will be discussed in the
following.

In case no convincing new signal is observed, in many cases it is nonetheless
interesting to quote as result of the search for the new phenomena the upper limit
on the expected yield of the hypothetical new signal. From upper limits to the signal
yield often it is possible to indirectly derive limits on the properties of the new signal
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that influence the signal yield, such as the mass of a new particle, if it is related to
the theoretical cross section, etc.

The determination of upper limits is in many cases a complex task and the
computation frequently requires numerical algorithms. Several methods are adopted
in High Energy Physics and are documented in literature to determine upper limits.
The interpretation of the obtained limits can be, even conceptually, very different,
depending on the adopted method.

This chapter will introduce the concept of significance and will present the most
popular methods to set upper limits in High Energy Physics discussing their main
benefits and limitations. The interpretation of upper limits under the frequentist and
Bayesian approaches will be discussed, devoting special attention to the so-called
modified frequentist approach, which is a popular method in High Energy Physics
that is neither a purely frequentist nor a Bayesian method.

8.2 Claiming a Discovery

8.2.1 The p-Value

Given an observed data sample, claiming the discovery of a new signal requires
to determine that the sample is sufficiently inconsistent with the hypothesis that
only background is present in the data. A test statistic can be used to measure how
consistent or inconsistent the observation is with the hypothesis of the presence of
background only.

A quantitative measurement of the inconsistency with the background-only
hypothesis is given by the significance, defined from the probability p (p-value)
that the considered test statistics ¢ assumes a value greater or equal to the observed
one in the case of pure background fluctuation. We have implicitly assumed that
large values of ¢ corresponds to a more signal-like sample. The p-value has by
construction (see the end of Sect.2.3) a uniform distribution between 0 and 1 for
the background-only hypothesis and tends to have small values in the presence of a
signal.

If the number of observed events is adopted as test statistics (event counting
experiment), the p-value can be determined as the probability to count a number of
events equal or greater than the observed one assuming the presence of no signal
and the expected background level. In this cases the test statistics and the p-value
may assume discrete values and the distribution of the p-value is only approximately
uniform.
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Example 8.21 — p-Value for a Poissonian Counting

Figure 8.1 shows a Poisson distribution corresponding to an expected number
of events (background) of 4.5. In case the observed number of events is 8, the
p-value is equal to the probability to observe 8 or more events, i.e.: it is given
by:

T 45"

o0
p= ZPois(n;4.4) =1—e* m

n=38 =0

Performing the computation explicitly, a p-value of 0.087 can be determined.

J

P(n|v=b=4.5)

0.18

010 P(n > 8) = 0.087
0.14
0.12

0.1

P(nlv)

0.08

0.06

0.04

0.02

Fig. 8.1 Poisson distribution in the case of a null signal and an expected background of b = 4.5.
The probability corresponding to n > 8 (red area) is 0.087, and gives a p-value assuming the event

counting as test statistics

8.2.2 Significance

Instead of quoting the p-value, publications often preferred to quote the equivalent
number of standard deviations that correspond to an area p under the rightmost tail
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Table 8.1 Significances Z©) |p
expressed as “Zo” and -
corresponding p-values in a 1.00 [1.59x10
number of typical cases 128 |1.00 x 107"
1.64 |5.00 x 1072

2.00 |2.28 x 1072
232 | 1.00 x 1072
3.00 |1.35x107°3
3.09 | 1.00x 1073
3.71 |1.00 x 10~*
400 |3.17x 107
5.00 |2.87x 1077
6.00 |9.87 x 10710

of a normal distribution. So, one quotes a “Zo” significance corresponding to a
given p-value by using the following transformation (see Eq. (2.26)):

[Tl g o) = o :l[_ (i)}
p /Z i de=1-0(2) = (-2) = 5 |1 erfﬁ . 8.

By convention in literature one claims the “observation” of the signal under
investigation if the significance is at least 30 (Z = 3), which corresponds to a
probability of background fluctuation (p-value) of 1.35 x 1073, One claims the
“evidence of ” the signal (discovery) in case the significance is at least 50 (Z = 5),
corresponding to a p-value of 2.87 x 1077, Table 8.1 shows a number of typical
significance values expressed as “Zo” and their corresponding p-values.

8.2.3 Significance and Discovery

Determining the significance, anyway, is only part of the process that leads to a
discovery, in the scientific method. Quoting from [1]:

It should be emphasized that in an actual scientific context, rejecting the background-only
hypothesis in a statistical sense is only part of discovering a new phenomenon. One’s degree
of belief that a new process is present will depend in general on other factors as well, such as
the plausibility of the new signal hypothesis and the degree to which it can describe the data.
Here, however, we only consider the task of determining the p-value of the background-only
hypothesis; if it is found below a specified threshold, we regard this as “discovery”.

In order to evaluate the “plausibility of a new signal” and other factors that
give confidence in a discovery, the physicist’s judgement cannot, of course, be
replaced by the statistical evaluation only. In this sense, we can say that a Bayesian
interpretation of the final result is somehow implicitly assumed.
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8.3 Excluding a Signal Hypothesis

For the purpose of excluding a signal hypothesis, usually the requirement applied in
terms of p-value is much milder than for a discovery. Instead of requiring a p-value
of 2.87 x 1077 or less (the “5¢™ criterion), upper limits for a signal exclusion are
set requiring p < 0.05, corresponding to a 95 % confidence level (CL) or p < 0.10,
corresponding to a 90 % CL.

In the case of signal exclusion, p indicates the probability of a signal underfluc-
tuation, i.e.: the null hypothesis and alternative hypothesis are inverted with respect
to the case of a discovery.

8.4 Significance and Parameter Estimates Using Likelihood
Ratio

In Sect. 7.7 the following test statistic was introduced in order to achieve the benefits
of the Wilks’ theorem (see Sect. 7.6):

Lotp(X1, -+, Xns 10, 6)

Ly(Xy, -+ ,Xn; 0)

A, ) = (8.2)

In the case of a single parameter of interest p (i.e.: no extra parameter 6 is
relevant, or equivalently we may set the number of extra parameters to zero: m = 0),
it is possible to plot —In A(u) as a function of u, and the presence of a minimum at
i = [1 is an indication of the possible presence of a signal having a signal strength
i equal to i within some uncertainty.

In order to determine the significance of the measured signal yield, we can
apply Wilks’ theorem, since we have nested conditions, if the likelihood function is
sufficiently regular. In this case, the distribution of —21n A (1) can be approximated
by a y? distribution with one degrees of freedom, and the square root of its value at
the minimum gives an approximate estimate of the significance Z:

Z=+/—2InA(f). (8.3)

More in general, in case of a parameter of interest 6, e.g.: the mass of the new
particle that produced the signal yield wus(6), the same procedure may be applied
and the value —In A(8) can be plotted as a function of 6. The same consideration
may be done for what concerns the approximate significance evaluation as Z =
~/—21n A, as a function of the unknown parameter 6.

This significance is called local significance, in the sense that it corresponds to
a fixed value of the parameter 6. In Sect. 8.14 the interpretation of significance in
the case of parameter estimates from data will be further discussed, and it will be
more clear that the estimate of the local significance at a fixed value of a measured
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parameter may suffer from a systematic overestimate (so called: look-elsewhere
effect).

If the background PDF does not depend on 6 (for instance, if 0 is the mass of
an unknown particle), L, (x; 8) also does not depend on 6 and the likelihood ratio
A(6) is equal, up to a multiplicative factor, to the likelihood L4, (X; ). Hence, the
maximum-likelihood estimate of 6, 8 = é, can also be determined by minimizing
—2InA(0) and the error on 6 can be determined as usual for maximum-likelihood
estimates from the shape of —21n A(#) around its minimum, finding its intersection
with an horizontal line at —2 In A(é) + 1.

In addition, unlike the likelihood estimate, where the value of the likelihood
function at the minimum does not provide any relevant information, the value of
—2InA(0) at the minimum gives an approximate estimate of the significance Z
thanks to the Wilks’ theorem, as remarked above. This makes the use of likelihood
ratio estimators interesting also for parameter estimate, not only to determine upper
limits.

Combining the likelihood ratios of several measurements can be performed by
multiplying the likelihood functions of individual channels to produce a combined
likelihood function. In this way, combining a first measurement that has strong
sensitivity to the signal with a second measurement that has low sensitivity gives, as
combined test statistic, the product of likelihood ratios A from both measurements.
Since for the second measurement the s + b and b hypothesis give similar values
of the likelihood functions, given that the sensitivity to the signal of the second
measurement is low, the likelihood ratio of the second additional measurement is
close to one. Hence, the combined test statistics (the product of the two) does not
differ much from one given by the first measurement only, and the corresponding
sensitivity will not be worsened by the presence of the second measurement.

8.4.1 Significance Evaluation with Toy Monte Carlo

A better estimate of the significance may be achieved adopting the test statistics
—21n A generating a large number of pseudoexperiment (toy Monte Carlo) repre-
senting randomly extracted samples that assume the presence of no signal (1 = 0)
in order to obtain the expected distribution of —21In A.

The distribution of the generated —2 In A can be used together with the observed
value of A = A to determine the p-value which is the probability that A is less or
equal to the observed A = A

p=Pep(2(6) < 3). (8:4)
equal to the fraction of generated pseudoexperiments for which A(0) < A.

Note that, in order to assess large values of the significance, the number of
generated toy Monte Carlo samples required to achieve a sufficient precision may
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be very large because the required p-value is very small. Remember that a p-value
for a 50 evidence is (Table 8.1) 2.87 x 1077, hence, in order to determine it with
sufficient precision the number of toy samples may be as large as ~ 10°.

8.5 Definitions of Upper Limits

In the frequentist approach the procedure to set an upper limit is a special case of
determination of the confidence interval (see Sect. 6.1) for the unknown signal yield
s, or alternatively the signal strength .

In order to determine an upper limit instead of a central interval, the choice of
the interval with the desired confidence level (90 % or 95 %, usually) should be fully
asymmetric, becoming s € [0, s"P[. When the outcome of an experiment is an upper
limit, one usually quotes:

s< s at 95%C.L (or 90 % CL).

If the Bayesian approach is adopted, the interpretation of an upper limit s"P is
different and the interval s € [0, s"P[ has to be interpreted as credible interval,
meaning that its corresponding posterior probability is equal to the CL which is
equalto 1 —a.

8.6 Poissonian Counting Experiments

A simple case, which is anyway realistic for may application, is a counting
experiment where the number of observed event is the only information considered.
The selected event sample contains a mixture of events due to signal and background
processes.

The expected total number of events is s + b where s and b are the expected
number of signal and background events, respectively. Assuming the expected
background b is known (e.g.: it could be estimated from theory or from a control
data sample), the main unknown parameter of the problem is s, which could be equal
to zero in case the signal is not present (null hypothesis). The likelihood function in
the case of such a counting experiment is:

(s+b)" o—(+D)
n! ’

L(n;s,b) = (8.5)

where n is the observed number of events.
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8.6.1 Simplified Significance Evaluation for Counting
Experiments

In case we use as single information the number of observed events n that we want to
compare with an expected number of background events b, if b is sufficiently large
and known with negligible uncertainty, the distribution of the number of events,
assuming that background only is present in the data (s = 0), can be approximated
to a Gaussian with average b and standard deviation equal to +/b. The observed
number of events n will be on average equal to b. An excess, quantified as s = n—b,
should be compared with the expected standard deviation /b, and the significance
can be approximately evaluated as:

)
7 =—. 8.6
7 ©0

In case the expected background yield b comes from an estimate which has a
non-negligible uncertainty o5, Eq. (8.6) can be modified as follows:

7= (8.7)

b+ o

The above expressions clearly can only be applied in the particular case presented
above, and have no general validity.

8.7 Bayesian Approach

The easiest treatment of a counting experiment, at least from the technical point of
view, can be done under the Bayesian approach. The Bayesian posterior PDF for s
is given by:

L(n;s)m(s)
JoS L(n: s (s') ds'

P(s|n) = (8.8)

The upper limit s*? can be computed requiring that the posterior probability
corresponding to the interval [0,s"P[ is equal to CL, or equivalently that the
probability corresponding to [s*P, co[is « = 1 — CL:

. Y . f;‘f L(n;s)m(s)ds
o = I—CL—[up P(s|n)n(s)ds-m (89)
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Apart from the technical aspects related to the computation of the integrals and
the already mentioned arbitrariness in the choice of the prior 7 (s) (see Sect.3.6),
the above expression poses no particular problem.

8.7.1 Bayesian Upper Limits for Poissonian Counting

In the simplest case of negligible background, b = 0 and assuming a uniform prior
for s, the posterior PDF for s has the same expression as the Poissonian probability
itself, as it was demonstrated in the Example 3.10:

n,—s

s'e

P(s|n) = (8.10)
n!

In the case of no observed events, i.e.: n = 0, we have:

P(s|0) = e, (8.11)
and:

oo U]
azl—CL:/ etds =", (8.12)
sUuP

which gives:

s = —In(a). (8.13)

Fora = 0.05 (95% CL) and a = 0.10 (90 % CL), we can set the following upper
limits:

s"P

3.00 at 95%CL, (8.14)

5P 2.30 at 90% CL. (8.15)

The general case of a possible expected background b # 0 was treated by
Helene [2], and Eq. (8.9) becomes:

A
_ —swm=0 m!

m!
m=0
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Table 8.2 Upper limits in l—a=90% | 1l—a=95%

presence of negligible 0 s S

background evaluated under

the Bayesian approach for 0 2.30 3.00

different number of observed 1 3.89 4.74

events n 2 532 6.30
3 6.68 7.75
4 7.99 9.15
5 9.27 10.51
6 |10.53 11.84
7 | 11.77 13.15
8 [12.99 14.43
9 |14.21 15.71
10 | 15.41 19.96

The above expression can be inverted numerically to determine s"P for given o, n
and b. In the case of no background (b = 0) Eq. (8.16) becomes:

n
gupm

_ s
a=e"Y" — (8.17)

m=0

which gives Eq. (8.12) for n = 0.

The corresponding upper limits in case of no background for different number
of observed events n are reported in Table 8.2. For different number of observed
events n and different expected background b, the upper limits derived in [2] at 90
and 95 % CL are shown in Fig. 8.2.

8.7.2 Limitations of the Bayesian Approach

The derivation of Bayesian upper limits presented above assumes a uniform prior
on the expected signal yield. Assuming a different prior distribution would result
in different upper limits. In general, there is no unique criterion to chose a specific
prior PDF to model the complete lack of knowledge about a variable, like in this
case the signal yield, as it was already discussed in Sect. 3.6. In case of search for
new signals, sometimes the signal yield is related to other parameters of the theory
(e.g.: the mass of unknown particles, or specific coupling constants). In that case,
should one chose a uniform prior for the signal yield or a uniform prior for the
theory parameters? The choice is not obvious and no prescription may be provided
from first principles.

A possible approach is to chose more prior PDFs that reasonably model one’s
ignorance about the unknown parameters and to verify that the obtained upper limit
is not too sensitive to the choice of the prior.
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Fig. 8.2 Upper limits at the
90 % CL (top) and 95 % CL
(bottom) for Poissonian
process using the Bayesian
approach as a function of the
expected background b and
for number of observed
events n fromn = 0 to
n=10
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8.8 Frequentist Upper Limits

Frequentist upper limits can be computed rigorously by inverting the Neyman belt
(see Sect. 6.1). In cases where the confidence interval is fully asymmetric, i.e.: it has
the form [0, s"P[, the result may be quoted as:

s < s,
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at the given confidence level. In order to better interpret the upper limits obtained
from the Neyman belt inversion in the general case, a simple example of a counting
experiment will be analyzed first, similarly to what was considered in Sect. 8.7.1
under the Bayesian approach.

8.8.1 The Counting Experiment Case

Let’s assume an experiment counts a number n of selected events when expecting
b events from background and s from signal. Let’s also assume for simplicity, as in
Sect. 8.7.1, that the expected background is negligible: » ~ 0. The probability to
observe n events when we expect s events is given by a Poisson distribution:

—S oM

N

e
P(n;s) = .

(8.18)

W